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Abstract—An energy function-based autoassociative memory
design method to store a given set of unipolar binary memory
vectors as attractive fixed points of an asynchronous discrete Hop-
field network (DHN) is presented. The discrete quadratic energy
function whose local minima correspond to the attractive fixed
points of the network is constructed via solving a system of linear
inequalities derived from the strict local minimality conditions.
The weights and the thresholds are then calculated using this
energy function. If the inequality system is infeasible, we conclude
that no such asynchronous DHN exists, and extend the method to
design a discrete piecewise quadratic energy function, which can
be minimized by a generalized version of the conventional DHN,
also proposed herein. In spite of its computational complexity,
computer simulations indicate that the original method performs
better than the conventional design methods in the sense that
the memory can store, and provide the attractiveness for almost
all memory sets whose cardinality is less than or equal to the
dimension of its elements. The overall method, together with
its extension, guarantees the storage of an arbitrary collection
of memory vectors, which are mutually at least two Hamming
distances away from each other, in the resulting network.

Index Terms—Associative memory, memory storage and
retrieval.

I. INTRODUCTION

DYNAMICAL autoassociative memory (DAM) is an
autonomous convergent dynamical system which pro-

duces a correction of a distorted vector along its dynamics,
as with the convergence of the trajectory starting at the initial
state to the fixed point .

Given a set of memory vectors, the first goal of any DAM
design method is to map the set of fixed points of the resulting
dynamical system to in a bijective way. This enables en-
coding as system parameters and produces a content address-
able memory for lossless data compression. There is a number
of simple yet significant methods [1]–[3] focusing only on this
condition in the design, which is, however, not sufficient to make
the resulting DAM correct possible errors. The system becomes
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capable of correcting a distorted version of a fixed point if the
basin of attraction of this fixed point is trimmed in the design to
include the distorted point. This can be achieved by providing
the convergence of the trajectory starting at the distorted vector
to the nearest fixed point (memory vector) in a metric defined
on the state–space. Note that the satisfaction of this requirement
necessitates the attractiveness of each fixed point, i.e., the exis-
tence of a trajectory which starts at and tends to the fixed
point for all in an open neighborhood of .1 A design
method satisfying these two conditions gives an ideal DAM
which maps its initial state vector to a steady state
where

(1)

is the association mapping.
This paper focuses on the design problem of discrete Hopfield

network (DHN) [1] as a unipolar binary DAM to approximate
(1) as steady-state solution of the network for ,

and the metric chosen as the Hamming
distance. Many DAM design methods have been proposed for
DHN which performs a nonlinear first-order recursion of the
state vector in -dimensional binary space

(2)

where is the weight matrix and
is the threshold vector [4]. In unipolar binary case, the acti-

vation function is chosen as the unit-step nonlinearity. Sta-
bility analysis of DHN [5] has shown that the recursion (2) in
asynchronous mode, i.e., when only one entry of the state vector
is updated at each time instant, necessarily tends to a fixed point
if is symmetric and has nonpositive diagonal entries. The
proof is based on analysis of a discrete quadratic energy function

(3)

defined on the state–space of (2) with and ,
which is nonincreasing along the asynchronous recursion. It
can be shown that (2) indeed tends to a (discrete) local min-
imum of this function if the diagonal entries of the weight ma-
trix are all zero, i.e., a network consisting of a single layer of
neurons without self-feedback. On the other hand, as proved in

1This general definition of attractiveness reduces to the asymptotic stability
in the sense of Lyapunov when the system is deterministic.
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the next section, one can always find a symmetric DHN without
self-feedback which has fixed points located exactly at the dis-
crete local minima of a given quadratic form defined on the bi-
nary space. Assuming that the given memory vectors are at least
2-Hamming distance away from each other, the design of such
a finite-state dynamical system as an ideal associative memory
is therefore equivalent to the design of its energy function, i.e.,
determination of coefficients in (3), such that

A1 ) is a strict local minimum of (3), i.e.,
for all such that , if ;

A2 ) basins of the local minima corresponding to the
memory vectors share the entire binary space in an
equal way, so extraneous local minima are avoided.

In this paper, we focus on the first design criterion and show
in the following section that construction of a discrete quadratic
satisfying A1 is equivalent to solving a linear strict inequality
system for a parameter vector representing co-
efficients . We also show that the feasi-
bility of this system is equivalent to the existence of a symmetric
DHN which possesses all memory vectors as attractive fixed
points. Thus, the maximum performance of an asynchronous
symmetric DHN without self-feedback as a DAM in correcting
1-b errors is revealed. Based on this equivalence, we conclude
that no asychronous symmetric DHN can be designed by any
method if and only if this inequality system is infeasible. In
this case, we extend our original method to maintain the design
by constructing a particular discrete piecewise quadratic energy
function, and also by generalizing the conventional DHN model
to minimize it. This extended method guarantees the recall of
any memory vector from its distorted versions by the resulting
network, without any restrictions on the memory set.

Unlike the design methods [6] employing linear inequalities
derived directly from the network dynamics for allocating the
fixed points, our method is concerned with the construction of
energy landscape in order to ensure not only the desired fixed
points but also their attractiveness, so the resulting DAM is guar-
anteed to correct all possible 1-b distortions of each memory
vector. The method eventually establishes an encoding for an
arbitrary set of -dimensional memory vectors as
weight coefficients associated to the recursion plus the number
parameters of the multilayer perceptron used for separation.

A similar energy function design strategy without the exten-
sion has been recently reported in the design of complex-valued
multistate Hopfield networks in [7].

We describe the design procedure in the following section.
In Section III, we present the results of some computer experi-
ments which compare the method with some conventional DAM
design methods proposed in [1], [2], and [4] in terms of qual-
itative performance. An application of the method to restore a
set of printed characters can also be found in Section III. Some
concluding remarks are finally given in Section IV.

II. DISCRETE QUADRATIC DESIGN

To simplify the notation, we first note that the matrix
in (3) can be considered without loss of generality as symmetric,
since for an arbitrary matrix , there exists a sym-
metric counterpart such that
for all . Due to the unipolarity of the discrete variable

, the linear term can be further expressed as a
quadratic term: to reformulate
as a single quadratic term

(4)

on , where is a symmetric real matrix equal
to . Expanding (4) as the sum

and then using the symmetry of , pro-
vides an alternative notation

(5)

which is linear in the coefficient vector
...

...
...

obtained by a lexiographic ordering of the coefficients
’s. The column vector captures the multiplicative

nonlinearity of (4) in

...
...

...
...
...

...
...

...
...
...

...
...

(6)

Expressing (4) as the weighted sum of parameters as in (5) en-
ables computation of the coefficient vector in
under linear inequality constraints to construct a such that (4),
consequently (3), satisfies the design condition A1 for a given
set of memory vectors .

We assume throughout the paper that the condition

(7)

holds for a given memory set . Then, in order to embed
each memory vector as a strict local minimum of the desired
quadratic (4) as suggested in A1, we obtain for each memory
vector the set of strict linear inequalities

(8)

to be solved for the parameter vector . Here, “ ” stands for the
set difference and is defined as the 1-Hamming neighbor-
hood of as . We denote the poly-
hedral cone induced by these linear inequalities by . Since
the desired coefficient vector lies within the intersection

(9)

its search is indeed the feasibility problem of the homogeneous
linear inequalities which induce the polyhedral cone . By re-
arranging (8) and incorporating all inequalities associated to
all memory vectors , we obtain the homogeneous in-
equality system as

(10)

where

... (11)

and is the matrix whose th row is deter-
mined as with for and
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otherwise. Note that the binary vectors , are
1-Hamming neighbors of as pointed in (8).

A. Original Design Method

If the given memory set yields a feasible inequality system,
then the coefficient matrix of the desired quadratic (4), so
the coefficients of (3) which satisfy A1 can be easily de-
termined from a solution of (10). Hence, in our original design
method, we look for a solution of (10) by directly applying an
available linear inequality solver, such as linear programming
[8] or Newton’s method [9], [10]. Having determined the dis-
crete quadratic energy function (3) which indicates the memory
set as its local minima set, construction of a dynamical system,
whose limit points correspond to these local minima, completes
the DAM design. We describe this procedure in the following
corollary.

Corollary 1: The fixed points of asynchronous recursion (2)
correspond to the local minima of (3) for the weight matrix

and the threshold vector . Moreover, re-
cursion (2) designed in this way is convergent, namely for any
initial state it converges to one of its fixed points.

Proof: The state vector of a finite-state dynamical
system converges to a local minimum of a discrete function

if every state transition provides a decrement in .
The proof is based on imposing this condition on the DHN
dynamics whose state–space is the binary space . Taking
into account that only one entry of the state vector is allowed to
change at a single time step, we analyze the desired behavior of
the network in two separate cases.

1) Suppose and th entry is updated at time instant
, then the value of this entry in the next step should be

(12), shown at the bottom of the page, where stands
for the th unit vector. Since the diagonal entries of are
all zero, we rearrange (12) and formulate it as

(13)

where is the unit-step nonlinearity.
2) Suppose now that and th entry is updated at time

instant . Then we write (14), shown at the bottom of the
page, which can also be expressed as in (13).

Comparing (13) with (2) we conclude that the desired network
can be obtained by choosing and . As

here is considered as zero-diagonal, the convergence results
from the well-known result of Bruck and Goodman in [5].

The asynchronous operation of this network is characterized
by updating only one neuron at a single time-step according to
(2) and keeping all other states unchanged. The update order of
the states is of course a parameter of the network dynamics and
is usually chosen randomly, resulting in a stochastic network.

Observe from the proof of Corollary 1 that the resulting net-
work is an energy-minimizing network, in the sense that a state
transition is accepted if and only if it causes a decrement in (3).
Since a point in the 1-Hamming neighborhood of a local min-
imum has strictly greater energy by the construction of (3),
then we conclude that each fixed point of the network, which
corresponds to a memory vector, is attractive. This implies that
for each in the 1-Hamming neighborhood of a fixed point ,
there exists an index such that the state vector
necessarily converges to in a single step when the network
is initiated by and th neuron is updated first. By utilizing a
random update order, one cannot ensure obviously this desired
convergence, because there is no guarantee that th neuron will
be updated first in the case mentioned previously. For this pur-
pose, we propose the following update order to be followed by
the resulting network, which ensures the correction of each 1-b
distortion on the memory vectors.

Attempt to update th neuron for the current state vector for
. If any of the state transitions leads to a fixed

point,2 then accept that transition. Otherwise choose an arbi-
trary transition.

B. Applicability of the Original Method

It is evident by the previous derivation that the feasibility of
(10), i.e., nonemptiness of in (9), is necessary and sufficient
to embed all memory vectors as attractive fixed points of DHN,
hence, the success of the method is totally dependent on the
given memory set , which constitutes the only information
used in the construction of the inequality system (10). Although
we know that might be an empty set for some , we can
only be sure of this by constructing (10) and then checking for
its feasibility by attempting to solve it. A simple result on the
feasibility of (10) is provided by the following fact:

Fact 1: Equation (10) is feasible for any memory set con-
taining a single, yet arbitrary binary vector .

Proof: Let us define and observe that the pos-
itive definite quadratic on possesses a
unique strict local minimum at . Then, is the (unique)
strict local minimum of the quadratic .

2A point x 2 f0; 1g is a fixed point of DHN if and only if �(t�Wx) =
x, where �(�) is the diagonal transformation from < to f0;1g defined by
�(u) = [�(u ) � � � �(u )] .

if
otherwise

(12)

if
otherwise

(14)
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Since the original method described in the preceding subsec-
tion is not applicable to a memory set which yields an infeasible
inequality system, we extend this method in the following sub-
section to carry on the design even if (10) is infeasible.

C. Extension to the Method

In this subsection, we assume that the system (10) of
homogeneous inequalities has no solution for a given which
satisfies (7). As no discrete quadratic energy function possessing
such a memory set as strict local minima exists in this case,
the best one can do instead is to construct a discrete piece-
wise quadratic function to be minimized by a modified version
of DHN. For this purpose we need to partition the inequality
system (10) into two feasible systems as and

. Such a partitioning is always possible by the following con-
structive proposition, since (10) contains no zero row.

Proposition 1: If has no zero row, then the fol-
lowing algorithm provides an such that:

(15)

where and are two disjoint integer sets with
.

Step 0) Choose an arbitrary . Construct three ma-
trices , and each of which con-
sists of the rows of whose inner products with is
negative, positive, and zero, respectively. Set .

Step 1) Let be the number of rows of . If ,
then set , , . and
stop. Otherwise, choose an arbitrary
and a sufficiently small positive such that

and
, where is the transpose of the th row of

. Set .
Step 2) Augment (resp. ) by the rows of ,

whose inner products with is positive (resp.
negative) to form , (resp. ). Delete
these rows from , increment by 1 and return to
Step 1.

Proof: The proof comprises two parts: i) the number of
rows of decreases strictly as increases, so vanishes
at some finite for any choice of , and the procedure halts
and ii) at each iteration , each row of , resp. , has
a strictly positive, resp. negative, inner-product with .

Observe from the processing done in Step 0 and 2 that, un-
less is empty, it consists of some rows of which are
orthogonal to . To show that the procedure necessarily halts
for all , we choose an arbitrary row, say , then
scale it by a sufficiently small positive , and finally add the the
transpose of the product to . This gives a point which is no
longer orthogonal to :

due to the assumption that , consequently , contains no
zero row. Thus, the point calculated in Step 1 is excluded
by the hyperplane induced by and at least th
row of is transferred to and deleted in Step 2.

The proof of the second part is by induction on . For the base
case, where , both and
hold by the initialization in Step 0. Let these two strict inequali-
ties hold for some . Then, for all , there exists a suf-
ficiently small positive such that and

. Thus, we have
and . It is obvious that the inequalities
still hold after and are augmented by the rows
from in the way suggested in Step 2. So, the matrices

and never contain a row orthogonal to
and maintain the strict inequalities.

The rows of and define two partitions as given in (15)
after the algorithm halts.

The algorithm finds a point which does not belong to any of
the hyperplanes defined by the rows of , and is indeed an es-
cape procedure from the null-space of the rows that are orthog-
onal to the initial choice . However, the decomposition
and is not unique and the point provided by the algo-
rithm is dependent on the choice of . The implications of
this is discussed later at the end of this section.

When the algorithm is applied to in (10), which is now
considered as infeasible, the matrices and produced by
the algorithm induce two disjoint feasible subsystems of the in-
equality system (10). Although the coefficient vector pro-
duced by the algorithm satisfies all inequalities induced by ,
as , the inequalities induced by are all violated:

. Consequently, the former inequality system gives
rise to a quadratic energy landscape coefficients con-
structed by , while the latter yields constructed by

.
Recall from the construction of described just in (11)

that each inequality in (10), thus, each row of and , in-
deed imposes a restriction on the energy of a specific vector

to satisfy , where is a memory vector.
Let denote the set of binary vectors obtained by applying the
inverse of (6) to the rows of , and let .
Then, we conclude by the previous discussion that each memory
vector is a strict local minimum of the piecewise quadratic func-
tion

if
if

(16)

where the coefficients are calculated by using as de-
scribed in the beginning of this section. Note that the points in
may contain only points which are 1-Hamming distance away
from a memory vector. Since the memory vectors are restricted
to be at least 2-Hamming distance away from each other by the
condition (7), then they are all located in .

The best performance a conventional asynchronous sym-
metric DHN can achieve as a binary associative memory is
indeed provided by the original design method described in
Section II-A. It was shown in [5] that (2) necessarily tends
to a local minimum of a discrete quadratic for a symmetric
weight matrix . However, in the present case, no regular
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quadratic form (3) satisfying A1 exists, thus, there exists no
asynchronous symmetric DHN having attractive fixed points
located at the memory vectors. A modification of (2) becomes,
thus, necessary to minimize the discrete piecewise quadratic
energy function (16), which we have constructed instead of (3)
in this case.

The idea of choosing the weights and thresholds of a contin-
uous recurrent network to minimize a given continuous piece-
wise quadratic, dependent on the state vector is not new [11].
But, to our knowledge, no asynchronous recursion has been pro-
posed for minimizing a discrete piecewise quadratic form yet.
To minimize the discrete piecewise quadratic function (16) con-
structed in the way previously explained, we propose a general-
ized version of (2) with state-dependent weights and thresholds,
and investigate its qualitative performance in the following.

Definition 1: The generalized version of (2) as

(17)

(18)

where is a discrete function that sep-
arates a subset from its complement as

if
if

(19)

is called the constrained one-nested discrete Hopfield network
(CON-DHN).

We use the terms constrained and resp. one-nested here to
point out the additional constraint imposed by (18) on the orig-
inal recursion (2), and resp. the parameter control mechanism

, which can be realized as a discrete multilayer perceptron
[12], bringing an additional nonlinearity nested in the activation
function as in (17).

Corollary 2: The asynchronous recursion (17)–(18) is con-
vergent and has fixed points located at the local minima of (16)
for the weight matrix and the threshold vector

. Moreover, these fixed points are all attractive.
Proof: We first prove that the recursion leaves fol-

lowing a single state transition, whenever it is initiated by
a point in . Let . Then and the
right-hand side of (17) enables a state transition which would
cause a decrement in , where is the quadratic form
with parameters . If the state candidate is in , then

assigned by (18) is in . If , then the candidate
is rejected (not assigned to by (18)) and .
Then, (17) produces another candidate in the next time step.
This procedure is repeated until a point in is obtained and
assigned to . Such a point is necessarily produced by (17)
at some time step because, by construction of , for each in

, there exists a point in , which is 1-Hamming distance
away from , such that .

Suppose now that the state vector of the network, whose
parameters are determined as , is in
at any time instant . In this case, and the right-
hand side of (17) is the same as that of (2). If , i.e.,

, then (18) imposes and the

Fig. 1. Flowchart of the overall design method.

state vector is not admitted into . If , then, due to
(18), , so either is equal to , or
it has strictly lower energy than that of by Corollary 1.
In other words, the network operates exactly the same as the
conventional DHN (2) in this case. As a result, implies

and, together with the result in the first step, we
have , if . Since
is finite, the recurrence (17)–(18) is convergent and it converges
to a point in .

Finally, let be a local minimum of . The point cal-
culated by (17) for cannot be any point in other
than , because is necessarily in and each 1-Hamming
neighbor in has . (See Corollary 1). The
only possibility for , other than , is a point in , which
would cause the state vector keep its previous state by (18).
Thus, is a fixed point of (17)–(18). Let be a binary vector
in differing from by the th element. Then up-
dating th element according to (17) gives an equal to by
Corollary 1. Since this vector is necessarily in , is
assigned to in (18). Now suppose is a binary vector in

differing from by the th element. As the up-
date of this element according to (17) would necessarily cause
a decrement in the quadratic by Corollary 1, is indeed
equal to and consequently to . This establishes that

is attractive.
Since the recursion (17)–(18) designed this way is also an en-

ergy minimizing network, which converges to a local minimum
of (16), we can conclude that the resulting CON-DHN corrects
all possible 1-b distortions of the original memory vectors, with
the update order of the neurons chosen as proposed at the end
of Section II-A. The summary of the overall design method pro-
posed in this section is illustrated as a flowchart in Fig. 1.
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The necessity of algebraic computations and ,
which are used in the update of the state vector by (17)–(18)
can be justified as follows: CON-DHN performs a more com-
plicated task than that of the conventional DHN, as it can be
designed to recall each element of an arbitrary from its dis-
torted versions, even when does not comply with the restric-
tion (10). This relaxation costs a multilayer perceptron (MLP)
to perform in addition to the computations required by con-
ventional DHN recursion. From the information storage point
of view, the weights and the threshold of this MLP in ad-
dition to the parameters and of the conventional recurrence
(which have been determined by Corollary 2) are needed to be
known.

In order to minimize globally the amount of data required to
characterize MLP, one should adjust the coefficient vector
in the energy landscape design such that the number of hyper-
planes which separate from is minimum. In other words,
the algorithm presented in Proposition 1 should be modified to
provide an optimal in the sense that the points obtained by
applying the inverse of (6) to the rows of resulting can be
separated from other points in by using the minimum
number of hyperplanes.

We note that an approximate solution to this problem is to
minimize the cardinality of in the design, i.e., finding a
which minimizes the number of rows of . This obviously
involves a discrete optimization scheme. However, finding a
least squares solution to the infeasible inequality system (10)
by Han’s method [13], or by its variations [9], [10] can be still
considered as an approximation to minimizing the cardinality
of , consequently to minimizing the number of parameters of
the MLP.

An exact solution to the following problem would constitute
another approximation to the problem at hand, alternative to
modifying the algorithm in Proposition 1, so would make our
design more efficient.

Problem 1: Given , find a set of hyper-
planes with minimum cardinality which separates from

.
We leave this problem open and proceed with the simulation

results.

III. COMPUTER EXPERIMENTS

A. Applicability and Capacity of the Original Design Method

The original design method proposed in Section II-A is ap-
plicable for a memory set which satisfies (7) and only when this
set yields a linear homogeneous strict inequality system (10)
derived from the local minimality conditions. Hence, the prob-
ability that a given memory set yields a feasible inequality
system is a measure of the performance of the design method
if satisfies (7). To quantify the applicability of the original
method, we have investigated the mildness of these restrictions.

From pattern reconstruction point of view, our assumption (7)
actually does not impose a significant restriction, since two pro-
totype binary patterns that differ by a single bit is a rare instance
especially in high dimensions. On the other hand, if they coexist
in any given memory set of a high-dimension , one can con-
sider them too similar patterns. Thus, ignoring their difference

TABLE I
PERCENTAGES OF MEMORY SETS THAT YIELDED

FEASIBLE INEQUALITY SYSTEMS

in this case and excluding either of them from the memory set
do not cause a significant error in association. We have not con-
sidered the design problems in which distinguishing two such
binary patterns is essential, so proposed the design procedure in
terms of strict inequalities (10). However, it is straightforward
from the motivation that equalities could be incorporated to (10)
as a generalization to ensure two neighboring binary points be
(nonstrict) minima. The network parameters would then be de-
termined exactly in the same way using a common solution to
both the inequality and equality systems, if they exist. In short,
(7) has a minor effect on the performance of the design method,
and the limitations are mainly relevant to the feasibility condi-
tion as shown next.

We have generated 100 binary memory sets containing
unipolar binary vectors of dimension randomly, all satisfying
(7), for some , values and constructed the homogeneous
inequality system associated to each set as described by (10).
The percentages ( ) of memory sets which resulted in a fea-
sible inequality system are averaged over 100 trials and pre-
sented in Table I.

It can be observed from Table I, that almost all memory sets
with ratio less than 1 give a feasible inequality system,
so our original method is applicable for such sets. Moreover, as

increases, this critical ratio also increases. This means that the
method has better performance for large values.

can be considered as the memory capacity of the
original method, and also the capacity that any design method
for DHN can achieve.

The experimentally derived bound 1 on ratio , under
which our method almost always ensures the desired DAM, is
much greater than that of the conventional outer product rule
[1] which ensures the storage of only arbitrarily chosen
memory vectors [14] as fixed points (without ensuring their at-
tractiveness). Assuming that the memory vectors are mutually
orthogonal, projection learning rule [2] is capable of embedding
up to binary vectors as attractive fixed points to a DHN. How-
ever, this bound is not comparable to ours since orthogonality is
a rather strict restriction on the memory vectors. In other words,
the projection learning rule has an acceptable performance when
applied to some specific memory sets among all memory sets
with . The eigenstructure method [4], [6], which is
probably the most effective design method yet, can store an arbi-
trary binary memory set as attractive fixed points. This method
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has been proposed for the design of a continuous Hopfield net-
work whose state–space is the -dimensional hypercube ,
including its interior region. The attractiveness of a fixed point
is defined on this space but not on . The method does not
guarantee the correction of errors caused by a bit reversal of the
memory vectors despite its providing attractiveness in the con-
tinuous sense.

The drawback of the proposed design procedure may be its
high-computational requirements, especially when compared
to the outer-product and the projection learning rules. Outer
product method requires summing up simply outer prod-
ucts, so the time required for such design is in the order of

. Projection learning rule requires a single pseudoinver-
sion and then multiplication, which is in the order of . The
eigen-structure method requires singular value decomposition
and many matrix multiplications; the time required for its per-
formance is also in . Our method on the other hand requires
a solution to a system of linear inequalities involving

real parameters. This can be performed in the order
of multiplications.

With a relatively high-computational cost, the proposed
method exploits the best performance that an asynchronous
DHN can ever achieve. The following design example is devel-
oped for demonstrating the superiority of the the method to the
former methods.

B. Design Example

Consider that a memory set consisting of the following four
vectors is to be stored as attractive fixed points of a recurrent
neural network

Note that these memory vectors satisfy (7). By applying the pro-
posed method and making use of linear programming for the so-
lution of the homogenous linear inequalities, we have obtained
the weight matrix and the threshold vector of the asynchronous
DHN (2) as

It can be verified that each memory vector is an attractive fixed
point of this DAM. The projection learning rule and the eigen-
structure method (for design parameter ) could also
store each vector as a fixed point of the recurrent networks of
their concern, while the outer product rule could not store any
of these vectors at all. By injecting each of the 32 binary vectors
of dimension 5 to the networks obtained by these methods,
we have also checked their performance in terms of creating
spurious states. This simulation has shown that our method
caused no spurious memory while the three extraneous binary
vectors , , were stored as
fixed points in the network obtained by the projection learning
rule. The outer product rule also stored two spurious memories

and . For the design parameter ,

Fig. 2. Set of characters embedded as memory vectors to DHN.

Fig. 3. Sample corrections performed by the proposed DHN.

the eigenstructure method created four spurious memories,
namely , , , but
they could be avoided by increasing . However, this effect also
prevented some desired memory vectors from being stored. As
an example, for , no binary fixed point could be stored as
a fixed point to the network by this method.

C. Character Reconstruction

We applied the design procedure for the set of characters
given in Fig. 2. The lexiographic orderings of these 13 10
black-white characters, where 1 and 0 denote a black and a white
pixel, respectively, have been considered as the given memory
vectors. It has been observed that this memory set satisfies (7).
These 130-dimensional vectors have resulted in a feasible in-
equality system, so we have generated a regular quadratic en-
ergy function by solving it. The fixed points of DHN obtained as
stated by Corollary 1 were identical with at the original memory
vectors. It can be verified that DHNs designed by the outer
product method and projection learning rule cannot store this
information without any modification on the original charac-
ters. The network designed by the eigenstructure method stores
all memory vectors but it is incapable of correcting most of the
errors caused by 1-b reversals on the original characters. More-
over, the convergence of the state vector of this network to some
nonbinary fixed points in was observed for some initial
conditions. This, of course, cannot be considered as a correct
behavior.

Although the original method ensures only the correction of
1-b errors, many 10-b distortions, even some 20-b distortions, of
the memory vectors can be corrected by the resulting DHN, i.e.,
the basin of attraction of some memory vectors includes even
some of its 20-Hamming neighborhood. Some of these correc-
tions are illustrated in Fig. 3. Interestingly, no spurious memory
was detected during the simulations of the DHN designed for
this memory set, despite the fact that our method does not de-
vise any procedure to avoid spurious memories.

D. Classification Application

We have also tested the performance of DAM as a classifier.
The classification network in this experiment consists of a pre-
processing network cascaded to a DAM designed by our method
for the lexiographic orderings of the three 7 7 memory pat-
terns in Fig. 4. The preprocessing network is used here to scan
the input image with a 7 7 window and then to obtain the lex-
icographic ordering of each window. A distorted version of a
map, shown in Fig. 5(a), which contains three types of patterns,
is presented to the classification network. The network was able
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Fig. 4. Three memory patterns used in the classification experiment.

Fig. 5. (a) Input map. (b) Classification result.

to classify the two recognized patterns in the map [see Fig. 5(b)]
and the other patterns were associated to the “blank,” which
had also been introduced to the network as a memory pattern
in the design phase. This example has shown that the classifi-
cation task can be performed by the proposed DAM, even in
noisy environment, besides its general usage in pattern recogni-
tion applications.

E. Application of the Extended Method

Finally, we present the results of another simple example
to demonstrate the extension of the method described in
Section II-C.

Consider a memory set consisting of the following vectors:

The original method cannot be applied for this memory set, be-
cause the inequality system (10) is infeasible and, thus, there
exists no quadratic form (3) that has strict local minima located
at these vectors. By applying Proposition 1, we obtain a coef-
ficient vector which partitions the design inequalities as in
(15). From this coefficient vector, we then construct the piece-
wise quadratic form (16) with

and

It can be easily verified that each memory vector is a strict local
minimum of this discrete function. The weight matrix and the
threshold vector of CON-DHN are determined as

and , respectively, according to Corollary 2. The sepa-
rating function is realized by a discrete multilayer percep-
tron, which responds to a vector in as 1, and , otherwise. It
has then been observed that each memory vector has been stored
as an attractive fixed point. By initiating the network with each
of all possible 32 binary vectors we have observed that no fixed
point other than the memory vectors occurred in the resulting
network.

IV. CONCLUSION

A DAM design method which employs homogeneous linear
inequalities derived from the local minimality conditions is pre-
sented. A solution to this inequality system yields the coeffi-
cients of the discrete quadratic energy function of the
DHN, so the weight matrix and the threshold vector of the net-
work can be directly determined. Simulations have shown that
almost all memory sets with cardinality less than , where
is the dimension of the memory vectors, can be completely
stored into the dynamical network and so perfectly recalled. The
method eventually establishes an encoding for an arbitrary set
of -dimensional memory vectors as weight and
threshold coefficients associated to the recursion.

Throughout this paper, we have assumed that the given
memory vectors were restricted to satisfy the condition (7),
which constrains the memory vectors to be located at least
2-Hamming distance away from each other. Although it is a
much milder condition than the ones imposed by many other
design methods, the design method proposed here may still be
needed to be extended to handle memory sets which do not
satisfy (7), as a further step of this work. This improvement
is not detailed in this paper, but it can be simply achieved by
introducing some equality constraints in addition to the design
inequalities (10), which impose the 1-Hamming neighbor
memory vectors possessing equal energy values in the resulting
landscape.
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