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Abstract

Superposition of radial basis functions centered at given prototype patterns constitutes one of the most suitable energy forms for gradient
systems that perform nearest neighbor classification with real-valued static prototypes. It is shown in this paper that a continuous-time
dynamical neural network model, employing a radial basis function and a sigmoid multi-layer perceptron sub-networks, is capable of
maximizing such an energy form locally, thus performing almost perfectly nearest neighbor classification, when initiated by a distorted
pattern. The proposed design scheme allows for explicit representation of prototype patterns as network parameters, as well as augmenting
additional or forgetting existing memory patterns. The dynamical classification scheme implemented by the network eliminates all
comparisons, which are the vital steps of the conventional nearest neighbor classification process. The performance of the proposed
network model is demonstrated on binary and gray-scale image reconstruction applications.
� 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.

Keywords: Neurodynamics; Nearest neighbor classification; Associative memory; Radial basis functions

1. Introduction

Nearest neighbor pattern classification is the problem of
evaluating the association map

f (z) = arg min
y∈M

d(z, y) (1)

defined on a pattern space P, where M ⊆ P is a finite
set of prototype patterns and d(·, ·) is a metric on P. A
system that calculates Eq. (1) for given M and z, called
the Nearest Neighbor Classifier (NNC), is the focus of the
design problem in this paper.

A straightforward way of evaluating exactly Eq. (1) for
any given instance (z ∈ P, M ⊆ P) requires computation
of an array of m = |M| distances from z to each y ∈ M ,
then obtaining the index of the minimum element through
comparisons, and finally extracting the pattern y∗ ∈ M
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associated with the resulting index. This three-stage proce-
dure can be implemented easily on digital computers and
it necessitates m evaluations of the metric d(·, ·) together
with m − 1 pairwise comparisons among the distance ar-
ray. In addition to its high computational requirements, the
method also requires the prototype patterns be stored explic-
itly in the physical memory of the system to be extracted
after the comparison phase. A particular case of the problem
for P = {0, 1}n, named the nearest codeword problem, has
been reported in Ref. [1] as NP-complete. This result may
be extended to an arbitrary P.

1.1. Conventional neural associative memory and its
limitations

In the development years of neural network theory, a sin-
gle layer of n discrete neurons within a feedback loop was
facilitated to retrieve binary patterns from their distorted
versions in Ref. [2]. This concept has triggered an enormous
interest in analysis and design of finite-state recurrent neu-
ral networks, since these neurodynamical systems exploit
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the memory storage and recovery property, providing a mo-
tivation towards explaining the biological associative mem-
ory by collective operation of basic computational units. It
is possibly for this reason that, artificial neural systems that
demonstrate the pattern reconstruction property, even par-
tially for some z ∈ P, have been accepted conceptually
as associative memories in the related literature. However,
there is still a significant gap from engineering viewpoint
between NNC, i.e. the ideal associative memory, and neural
associative systems, as detailed below. Based on this fact,
we view the iterative map realized by a recurrent network
model from its initial state vector to the steady state as an
approximation of (1), setting formally the NNC as the ob-
jective on auto-associative memory design.

The way Hopfield Associative Memory (HAM) [2] oper-
ates has indeed three major advantages over the conventional
implementation described above:

(1) The computation of the associative map is left to the
autonomous dynamics of the network, so no comparison
is performed explicitly throughout the process.

(2) The network structure is independent of the number m
of prototypes to be stored.1

(3) Convergence to a fixed point is guaranteed in at most
n2 steps, when the network has symmetric weight pa-
rameters and is operated in asynchronous mode [3].

On the other hand, HAM performs so poor in evaluating (1)
that it hardly qualifies as a binary NNC. One of the several
shortages that one faces in HAM design is that all elements
of an arbitrary M might not be introduced as fixed points of
the network, irrespective of the design strategy adopted. In
fact, complete storage of M in HAM is possible only when
the prototype patterns satisfy certain rules. These constraints
vary from one design method to other, but, as a common
consequence, they impose upper bounds on the cardinality of
M. For example, for the classical outer product rule proposed
in Ref. [2], such a constraint has been reported in Ref. [9] as
m < 0.14n. The absolute bound for symmetric asynchronous
HAM has been estimated experimentally as m < 1.5n in the
work [10], which proposes also a design method to attain
this bound.

Another drawback of HAM is the inevitable occurrence
of spurious fixed points introduced to its state space by the
design method adopted. Unfortunately, neither the number
nor the locations of spurious memories can be found in
advance. Almost all design methods proposed for HAMs
introduce spurious memories, though a set of very strict
conditions on M has been derived for a particular design
method that ensures a spurious-memory-free state space in
Ref. [11].

1 This would have been a really valuable property from information
theoretic point of view, if there would have existed a design method
capable of mapping an arbitrary M as the fixed point set of the network,
which utilizes n2 + n parameters.

Because HAM works in the binary space due to the hard-
limiter-type activations of the computational units in the net-
work, it cannot handle non-binary patterns. This restriction
can be relaxed towards a grid-like finite space by introduc-
ing alternative quantizers, such as a multilevel step [12] or
a complex signum function [13]. Most of the recurrent net-
work models found in the literature beyond HAM to approx-
imate (1) are still finite-state machines. A significant excep-
tion is the M-model [14], whose state space is constrained
within the hypercube [−1, 1]n due to saturated linear activa-
tion functions. However, the design procedure, namely the
eigen-structure method proposed for this model still aims at
storage and recall of binary patterns, i.e. the vertices of the
hypercube.

Most of the limitations mentioned above for HAM in ap-
proximating (1) apply in general for any recurrent network
with a fixed structure independent of the cardinality of M.
They can be explained by an energy function approach to
the network dynamics: A fixed network model may be asso-
ciated only to a fixed form of energy function defined over
its state space, which is minimized locally along trajectories
generated by the network dynamics. In particular, as proven
in Ref. [3], the energy function associated to the HAM model
has a quadratic form, and hence the network is able to recall
a point only if it is designated as a local minimum to this
energy form by a design method. In other words, a given
set M of n-dimensional prototype vectors cannot be stored
altogether as fixed points of HAM, unless there exists a pair
(Q, c) such that the quadratic Q(x)=xTQx+cTx has a local
minimum at each element of M. Similar restrictions apply
for energy forms associated with other recurrent models with
a fixed structure. Therefore, no fixed network model is ca-
pable of handling all possible (unrestricted) prototype com-
binations M ⊆ P in general. For instance, there exists no
single-layer second-order recurrent network that has distinct
fixed points at the three prototypes {[0 0]T, [0 1]T, [1 0]T},
excluding [1 1]T.

1.2. Adaptive network structure and proposed model

In fact, all physical memories, including the biological
ones, have an adaptive structure to store arbitrary patterns
as it is essential for an information system to adapt itself
to the information to be processed. This adaptation may
be in the form of including new (or by removing existing)
processing units. In particular, in order to achieve perfect
storage and recall of an arbitrary M by a neural associative
memory, the design method must not only adjust the network
parameters, but also the network structure. This constitutes
the motivation of this work.

In this paper, we propose a continuous-time gradient neu-
ral network model with adaptive structure that qualifies as an
NNC. The dynamics of the model is defined in the bounded
state space [0, 1]n such that it maximizes an associated scalar
energy function, which is in the form of a sum of Gaussian
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functions. Since the maxima of such a form can be allocated
at any point of the unit-hypercube [0, 1]n (not necessarily at
the vertices), our approach relaxes the traditional restriction
of binary prototypes in neural associative memory towards
real-valued ones.

The proposed dynamic model employs a hybrid of two
algebraic networks, namely a Radial Basis Function (RBF)
network and a Multi-Layer Perceptron (MLP) network.
Each RBF node in the model inserts into the state space an
open basin of attraction around its center, thus introducing
a stable fixed point, whereas MLP is utilized merely as a
multiplier.

The classification performance of algebraic RBF networks
have been demonstrated on many classification examples,
e.g. in Refs. [4–6]. These networks categorize their inputs
by computing class memberships, but they are not content-
addressable, i.e. they cannot reconstruct the nearest proto-
type without the use of an external memory, which contains
all prototypes.

Recurrent RBF networks have been applied successfully
to such areas that require rapid and accurate data interpola-
tion, such as adaptive control [7] and noise cancellation [8].
To our knowledge, this paper constitutes the first application
of the RBF network structure in a feedback loop working as
a nearest neighbor classifier.

The outline of the paper is as follows. The design con-
straints, energy function-based design procedure, and net-
work model are derived in the following section. In Sec-
tion 3, we present the results of computer experiments,
which was conducted to assess the particular network pa-
rameters on the classification performance of the proposed
model. The superior performance of the resulting network
as an NNC is demonstrated on binary and gray-scale image
restoration applications. The concluding remarks are given
in Section 4.

2. Methodology

2.1. Design problem and constraints

The objective is to design a continuous-time autonomous
neurodynamical system operating on the continuous state
space Rn to evaluate (1) as a map from the initial state
vector to the steady state response. This setting assumes
initially P = Rn with a metric induced by the Euclidean
norm: d(u, v) = ‖u − v‖2.

We limit the search for the dynamical system within the
gradient networks in order to utilize the one-to-one corre-
spondence between the stable equilibria of a gradient net-
work and the local extrema of its energy function. In fact,
this allows to pose the design problem of the classifier solely
in the function space: Assign each prototype to a local max-
imum of an energy form E(·) in a bijective way, rendering
every p ∈ M a local maximum of E(·) without creating any
extraneous one.

The design problem cast in this way reduces the feasi-
ble energy functions to the ones that assume multiple and
easily-adjustable local maxima. The energy function must
also allow the designer to tune the basins of attraction of
such fixed points that they share the state-space of the sys-
tem in the way the ideal classifier (1) quantizes P. Finally,
the gradient of E(·) must be well defined and assume a valid
neural implementation. Fortunately, these design constraints
are not contradicting as they are satisfied simultaneously by
at least one particular class of functions as shown below.

2.2. Radial basis functions

Radial basis functions are extensively used to implement
algebraic mappings that interpolate and/or generalize a fi-
nite set of samples [15,16]. The nonlinearities possess the
localization property [17], which makes the network sensi-
tive only to particular regions of the input space. The centers
and widths of high-sensitivity regions are expressed explic-
itly as network parameters. Hence, the RBF network design
problem can be cast directly in the input space by shap-
ing the regions according to data distribution. Encoding the
sample features as network-specific quantities, which is of-
ten tackled in MLP design, is not needed. We make use of
this property of RBF networks to represent the prototypes in
the design of our neurodynamical NNC. However, instead
of the regression capability of RBF networks, carefully stud-
ied in statistical learning literature, we are interested here in
evaluating their input–output function as an energy form for
dynamical NNCs.

An admissible RBF �(·) : Rn → R+ possesses the fol-
lowing three attributes:

(1) �(·) is continuous and bounded.
(2) �(·) attains its unique maximum at a point c ∈ Rn,

called center.
(3) lim‖x−c‖→∞ �(x) = 0.

Note that, such a �(·) discriminates the points within a vicin-
ity D of c from others by returning a higher value. The width
of D is usually parameterized in the expression of �(·) as
in the case of the most popular RBF, the Gauss function

�(x) = exp

(
−‖x − c‖2

2

�

)
, (2)

where ��0 is the width parameter.2 Hereinafter we will
assume this form for �(·) and maintain the design based
on Gaussian RBF, though the arguments in the sequel could
be derived in a similar way for any other admissible RBF
as well.

2 The width of a Gauss curve has been traditionally denoted by the
standard deviation, equal to

√
� in (2). For conciseness of the notation,

we prefer parameterizing it merely by �.
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A single RBF �(·) centered at c is viewed here as a con-
tinuous function to be maximized by the gradient system

ẋ(t) = ∇x�(x)|x=x(t)

= − 2

�
(x(t) − c)�(x(t)) (3)

along all trajectories. Such a convergence to the unique fixed
point c from all initial conditions x(0) ∈ Rn is interpreted
as a trivial instance of nearest neighbor classification for
M ={c}. Among infinitely many state equation forms on the
same state space, all bearing a unique stable fixed point at
c,3 we specifically adopt (3) as the basic building block of
our design, since this setting allows proper concurrence of
systems with a single fixed point to form a single dynamics
with multiple fixed points.

2.3. Dynamical classifier

Given m prototypes M = {pi}mi=1 ⊂ Rn, let us set first m
distinct energy functions {�i (·)}mi=1 each centered at ci = pi

with the width parameter �i > 0. These energy forms yield
m separate dynamical classifiers in the form of (3). Note
that each classifier is perfect in the sense that it evaluates
(1) exactly for the (unique) prototype ci = pi . In order to
obtain a single state equation with stable fixed points at the
prototypes, we propose merely summing up the right-hand
sides of the individual equations

ẋ(t) = −
m∑

i=1

2

�i

(x(t) − ci )�i (x(t)). (4)

The resulting state Eq. (4) defines a gradient system which
now maximizes the continuous and bounded energy function

E(x) =
m∑

i=1

�i (x). (5)

This relation guarantees that the continuous-time system (4)
is globally convergent, due to Lyapunov’s indirect method
[18], and its fixed points are the extremum points of (5).

In light of the discussion of Section 2.1, the qualitative
performance of (4) as an NNC is dependent upon the degree
to which (5) fits the design constraints. Then, the remaining
problems to be addressed in order to validate our proposal
is to fine-tune the locations and attraction basins of the fixed
points, i.e. the local maxima of E(·), and to derive finally a
neural network model to implement (4).

2.4. Transform to bounded state space

The nearest neighbor classification problem considered
initially on P = Rn is equivalent to the one posed within

3 The simplest form of such systems is ẋ(t) = −x(t) + c, which
maximizes the energy function E(x) = −‖x − c‖2

2/2.

the unit hypercube P = [0, 1]n through a bijective trans-
form, which maps the prototypes and the distorted pattern
to [0, 1]n in a distance-preserving way. If the given pro-
totypes M = {pi}mi=1 are not contained already within the
unit-hypercube, then a linear contraction that scales them
by the maximum entry maxi,j (pi )j among all prototypes
transforms the problem to [0, 1]n. The contracted prototypes
reduce the state space of (4) to [0, 1]n due to the following
result.

Corollary 1. If c1, . . . , cm ∈ [0, 1]n, then, for all initial
conditions x(0) ∈ [0, 1]n, the solution of (4) is bounded by
the unit hypercube.

Proof. Let x be an arbitrary point on a face of the unit
hypercube, i.e. xj =0 or xj =1 for some j ∈ {1, . . . , n}. For
xj = 0, the right-hand side of the jth differential equation
in Eq. (4) is nonnegative due to the assumption that all
prototypes lie within the hypercube. Similarly, ẋj �0 for
xj =1. Hence, the vector field defined by Eq. (4) never points
toward the exterior of [0, 1]n along the faces, constraining
all solutions starting within the hypercube into [0, 1]n. �

The unit-hypercube as a state-space has nice features,
among them it offers a clearer analysis and a canonical im-
plementation. Therefore, without loss of generality, we fo-
cus on the transformed classification problem by assuming
that M ∈ [0, 1]n.

2.5. Optimum basins of attraction

The ideal NNC creates m distinct partitions on the pattern
space defined by

Ri = {x ∈ [0, 1]n : d(x, pi ) < d(x, pj ),

j ∈ {1, . . . , m} − {i}}, i = 1, . . . , m. (6)

Due to the triangle inequality in the definition of the norm-
induced metric d(·, ·), Ri is a convex subset of [0, 1]n
bounded by the hyperplanes

Hij = {x ∈ [0, 1]n : ‖x − pi‖ = ‖x − pj‖}, j ∈ Ii , (7)

where Ii denotes the index set of the partitions adjacent
to Ri .

On the other hand, the partition of the prototype ci gen-
erated by the proposed dynamical classifier (4) is actually
the basin of attraction Di of the stable fixed point assigned
to ci . To achieve correct nearest neighbor classification for
all points in [0, 1]n, each Di must be made equal to the cor-
responding ideal partition Ri in the design. In other words,
they must be adjusted in the design so that Di and Dj are
separated by the hyperplane Hij .

If the RBFs other than �i (·) and �j (·) are neglected along
Hij , then the ideal partitioning among Di and Dj occurs if
and only if

‖x − ci‖ = ‖x − cj‖ ⇔ �i (x) = �j (x) ∀j ∈ Ii (8)
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holds. By definition of �(·), this condition is equivalent to
�i = �j . Since it applies to all prototype pairs, we have

�1 = �2 = · · · = �� = �. (9)

The effects of the neglected RBFs can be considered as
distortions on the partitioning, which may be reduced by
decreasing �.

Although the definition of energy function E(·) in (5) al-
lows potentially an independent width �i , for each �i (·),
i = 1, . . . , m, the width parameters of the Gaussians must
be picked equal for the sake of the classification perfor-
mance. This constraint leaves only the scalar parameter � > 0
as adjustable for further performance improvement of (4)
as an NNC.

2.6. Classification accuracy

It follows immediately from the three properties of an
admissible RBF that, for each i ∈ {1, . . . , m}, the contribu-
tions of the functions �j (·), j �= i, to the sum (5) dimin-
ish around ci , provided that � is sufficiently small. Hence,
a small � ensures a local maximum of E(·) located in the
vicinity of each center. This validates intuitively the super-
imposed RBFs with small widths as an acceptable energy
function, and also implies that � plays a critical role in ac-
curate representation of M as extremum points of E(·).

Since the local maxima of (5) are likely to be different than
the prototypes in M for any nonzero �, there is always some
inaccuracy in the classification based on (4). That is, the
prototypes recalled by the dynamical system (4) are distorted
versions of the original ones in M. In order to account for this
distortion, we need to locate the local maxima of E(·) and
compare them with the prototypes. The following corollary
limits the space where the local maxima of E(·) should be
sought.

Corollary 2. All extrema of E(·) in (5) are contained by the
convex hull of c1, . . . , cm for all �.

Proof. By definition, the extremum points of E(·) satisfy
the first-order necessary condition of optimality

∇xE(x) = −2

�

m∑
i=1

(x − ci ) exp

(
−‖x − ci‖2

2

�

)
= 0. (10)

By rearranging (10), we obtain

x =
m∑

i=1

�ici , (11)

where

�i =
exp

(
−‖x−ci‖2

2
�

)
∑m

j=1 exp

(
−‖x−cj ‖2

2
�

) . (12)

0 1
0

1

γ = 0.046

c1

c2

c3

γ → ∞

γ = 0

γ=0

[0.37 0.50]T

Fig. 1. Locus of the local maxima of E(·) for 0��< ∞. The centers are
c1 = [0.12 0.45]T, c2 = [0.27 0.25]T, c3 = [0.72 0.89]T.

The argument follows from the two properties: �i > 0 for all
i, and

∑
i �i = 1 for all �. �

Given an arbitrary collection {c1, . . . , cm} ⊂ [0, 1]n and
a � > 0, it is generally not possible to establish the maxima
of E(·) analytically in terms of the centers, since (11) does
not always have an explicit solution for x. The locus of local
maxima obtained by plotting the numerical solutions of (11)
for 0 < � < ∞ is a helpful tool at this point.4 A locus for a
randomly generated triple {c1, c2, c3} ⊂ [0, 1]2 is shown in
Fig. 1. Each branch of the locus is a continuum originated
at a center for � = 05 that retreats it as � increases, making
the representation of M as local maxima inaccurate. The loci
bounded strictly by the convex-hull of the centers for all
� > 0 due to Corollary 2.

Observe from Fig. 1 that, for each � > 0, there are at most
3 local maxima of E(·). Although it is not possible to vi-
sualize a locus for n > 3, it can be induced from the given
one that, a local maximum locus in general would comprise
m continuous branches, each starting at a prototype. Then,
although the locations do not match exactly, each local max-
imum of E(·) is actually assigned to a given prototype, so
do the stable fixed points of (4). In other words, the pro-
totypes are mapped to the fixed points at least injectively.
This shows that the proposed design scheme avoids spurious
prototypes.

Fig. 1 also reports that there may exist bifurcation points
of the branches where two or more local maxima merge at
a particular � value and carry on as a single local maximum
for greater � values. Such a point is at �=0.046 in the given
illustration. This phenomenon accounted below proves that
the mapping mentioned above is not surjective for all � > 0.
However, it can be seen easily that, if a bifurcation occurs,

4 A solution x to (11) is not necessarily a local maximum of E(·).
The solutions that make up a local maximum locus are actually the ones
satisfying the second-order sufficient condition ∇2E(x) < 0.

5 The starting points of the locus could be verified from the proof of
Corollary 2: For � = 0 and x = ci , �i equals 1 and all other �j , j �= i,
become zero, rendering x = ci a solution of (11).
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Fig. 2. The sum of two Gaussian RBFs on R centered at 0 and 1 for
some � values.

then it is never a vertex of the convex hull, but at a strictly
positive �. So, there exists a sufficiently small nonzero �
which ensure m local maxima of E(·).

As a result, the local maximum locus shows that the disad-
vantage of picking a large width parameter is indeed three-
fold: A larger � not only corrupts the partitioning realized
by (4) and increases the distortion on the prototypes, but
also may cause some prototypes to disappear completely
from the energy landscape. This third effect is illustrated in
Fig. 2, where the sum of two RBFs centered at 0 and 1 is
plotted for a few � values. The bifurcation occurs at � = 2
in this one-dimensional example. For m = 2, the absolute
bound on � to ensure two local maxima of E(·) is given by
the following theorem.

Theorem 3. The sum of two Gaussian RBFs centered at
c1, c2 ∈ Rn with the same width parameter � > 0 possesses
two local maxima if and only if

� <
‖c1 − c2‖2

2

2
. (13)

Proof. See Appendix. �

This theorem yields directly the following necessary con-
dition on � for E(·) to have exactly m local maxima in the
general case where m > 2

� <
mini �=j‖ci − cj‖2

2

2
. (14)

However, this condition might not suffice to preserve all m
local maxima, because the effects of the RBFs other than the
two closest pair �i (·), �j (·) are neglected in its derivation.
When choosing a � > 0 in the design, Eq. (14) should be
applied with a negative confidence term � added to its right-
hand side in order to summarize the effects of other RBFs to
the centers of the most critical pair �i (·), �j (·). Based on our
observation on 1000 randomly-generated prototype sets with

E(x0) =10−6[-0.2 -0.3]T

x0 = [0.7 0.9]T

c1= [0 0]T

c2 = [0.2 0.2]T

State Space [0,1]2

∇

Fig. 3. A small-scale example on [0, 1]2, where the convergence of the
dynamical classifier initiated at x0 is too slow for any admissible �.

m ranging from 3 to 100, we conjecture that scaling the right-
hand side of (14) by 0.8, which is equivalent to choosing
�=−mini �=j ‖ci −cj‖2

2/10, is sufficient for ensuring m local
maxima. The theoretical justification of this (or possibly
improved) confidence term is left here as an open problem.

2.7. Convergence speed and scaled dynamics

The findings of previous subsections assert that choosing
a small � results in a near-optimal partitioning of the pattern
space and improved accuracy of prototype representation
in the energy landscape. A small �, on the other hand, has
an adverse effect on the system performance as it would
decrease exponentially the magnitude of the gradient (i.e.
the right-hand side of Eq. (4)) at points lying far away from
all centers. In this case, the dynamic classifier may converge
too slowly when handling distorted input patterns dissimilar
to the prototypes.

In fact, one can easily derive instances with processing
time of the classifier unacceptably long even when � is cho-
sen infinitesimally close to the supremum given by (14),
disregarding the accuracy issue by allowing for significant
gaps between the actual local maxima and given prototypes.
A small-scale example with two prototypes is illustrated in
Fig. 3. Here, the two centers c1 and c2 have been chosen
so close to each other that, in order to preserve the two
local maxima of the energy function, � should be chosen
strictly less than 0.04. Even if we pick � = 0.04, the right-
hand side of (4) at the initial condition x(0) = [0.7 0.9]T

equals −10−6 × [0.2 0.3]T. Since the gradient is nonzero,
system (4) would converge eventually to the unique fixed
point (which lies in the middle of c1 and c2 for � = 0.04) in
theory. In practice it would take approximately 38 s for the
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states to reach the 2% band of their corresponding steady-
state solutions. Moreover, the convergence time increases
exponentially as the prototypes get closer to each other, so
this example does not depict actually the worst case. As a
result, a solution to the dilemma of classification accuracy
versus acceptable convergence time may not exist within the
admissible interval of �.

All qualitative features of a time-invariant dynamical sys-
tem are invariant under scaling the right-hand side of its state
representation with a constant K > 0. Such a scaling corre-
sponds to multiplying each RBF by K in our setting, thus
switching to the energy form K × E(·), which has exactly
the same extremum points as the original E(·). Hence, the
entire discussion made until this subsection is valid for this
new system, too. The effect of K on the other hand, would
be on the convergence speed only, as it scales the magni-
tude of the gradient ∇xE(x). Consequently, for K > 1, the
dynamics

ẋ(t) = −2K

�

m∑
i=1

(x(t) − ci ) exp

(
−x(t) − ci

�

)
(15)

would perform faster than the original one (4). Introducing
this additional parameter to the system and choosing it suffi-
ciently large solves the convergence speed problem without
involving the widths of the RBFs, whose role in the design
now reduces to improving the accuracy only. To ensure a
faster and accurate NNC, K should be increased as an ex-
ponential of the decrement in �, hence a huge scaling may
be required, especially if there is a pair of prototypes which
are close to each other, as in the example above. That clas-
sification instance would be resolved much more accurately
by the generalized dynamics (15) with �=0.01, whereas the
convergence would occur in less than 0.15 s for K = 103.

As a final note on scaling, the parameter K is unrestricted,
it thus could be chosen as large as possible within the de-
sign framework drawn in this work. However, K could be
restricted by some physical constraints in the implementa-
tion phase, such as the element spread restriction on circuit
components. This aspect is beyond the scope of this paper.

2.8. Gradient network model

Having addressed the system parameters and their roles in
the dynamical classification, we outline the neural network
model of the proposed system (15). Its key component is the
RBF network model, shown in Fig. 4.

We begin by rearranging the state representation (15) as

ẋ(t) = − 2K

�

[
x(t)

m∑
i=1

exp

(
−‖x(t) − ci‖2

2

�

)

−
m∑

i=1

ci exp

(
−‖x(t) − ci‖2

2

�

)]
(16)

and focus on realizing the right-hand side by an algebraic
neural network. In the direct realization scheme adopted

1( )

x1 xn

y1 yk

φm( )

Σ Σ

φ

Fig. 4. RBF network model with n inputs, m RBF nodes, and k outputs.

here, the network has the feedforward path and the feedback
provided via n integrators.

Note that the form (16) requires one straight and n
weighted summations of the RBFs, which could be achieved
by an RBF network with n + 1 output nodes. This network
employs m RBF nodes, to compute the vector

r =
[

exp

(
−‖x − c1‖2

2

�

)
· · · exp

(
−‖x − cm‖2

2

�

)]T

,

where x is the input vector. The output node computing
the straight sum is a single summing unit labelled by s,
whereas the remaining n output nodes perform the matrix
multiplication Cr, where

C = [c1 · · · cm].
To realize the first term within the parenthesis in (16), n

additional blocks are required in order to multiply the state
vector x(t) by the output of node s. Finally, a single linear
layer subtracts the second term from the first one and scales
the outcome by the constant −2K/�. The block diagram of
the gradient model is shown in Fig. 5.

Multiplication of variables is in general an expensive
task in neural architectures if the conventional and widely-
accepted McCullogh–Pitts model is used [19], which as-
sumes a neuron to be a computational unit capable of sum-
ming its weighted inputs, and then passing the result through
a simple nonlinearity. It is not possible in general to fit the
fundamental arithmetic operation of multiplication within
this scheme. Fortunately, the bounded state-space of the
classifier, as shown by Corollary 1, together with the upper
bound m on the sum of RBFs, constitute a particular case
that allows a simple and efficient neural network realization
of the multiplier blocks in Fig. 5.

To achieve multiplication of two arbitrary scalar variables
a, b ∈ [0, 1], we consider the two-layer perceptron net-
work shown in Fig. 6, which utilizes four sigmoidal nodes
and a linear one. The activation functions of the first layer
nodes are all tanh(·). To determine the parameters of this
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Fig. 5. Block diagram of the proposed neurodynamical NNC. The variables
labelled by Term 1 and Term 2 denote the first and the second term in
brackets of (16), respectively.
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Fig. 6. MLP network model to multiply two bounded variables a and b.

Table 1
Parameters of the MLP network of Fig. 6 to realize a × b for a ∈ [0, 1]
and b ∈ [0, m]
v11 0.02418 �2 6.77450
v21 16.34820 �3 −0.78514
v31 0.12108 �4 −0.68511
v41 0.09868 w1 82.46650m

v12 −0.10386/m w2 0.00004m

v22 −58.58570/m w3 59.61670m

v32 0.12528/m w4 −84.57270m

v42 −0.02288/m � −60.5247m

�1 0.68984

subnetwork to perform multiplication, we generated the
training set

S = {([x1 x2]T, x1 · x2) : x1 = 10−2k, x2 = 10−2l,

k, l = 0, 1, . . . , 100}
then performed the classical backpropagation training algo-
rithm with adaptive step-size and random initial conditions.
The training results after 2000 epochs are shown in Table 1

(to be evaluated for m= 1 for now), yielding a mean-square
error of less than 10−8 on S. Since S represents the in-
put space [0, 1]2 effectively enough, having obtained such
a small training error, we conclude that the proposed MLP
network realizes successfully a × b.

Due to Corollary 1, each state variable is constrained
within [0, 1] along the classification, so can be applied di-
rectly as an input to the resulting MLP network to be multi-
plied with the other operand. However, the sum of m Gaus-
sians (the node labelled by s in Fig. 5) is in general not
within this bound, but certainly in [0, m]. Thus, it can be ap-
plied as the second input to the MLP subnetwork only after
being scaled by 1/m. The output of the multiplier should
then be scaled by m in order to realize the first term in the
parenthesis. These two modifications on the second operand
can be achieved by scaling the input layer weights vi2,
i = 1, . . . , 4 and the output layer parameters w1, . . . , w4, b

by 1/m and m, respectively, as given in Table 1. With these
parameters, the resulting MLP could replace the multiplier
blocks in Fig. 5.

As a result, the overall model proposed to realize Eq. (15)
employs a hybrid of one RBF and n MLP networks on the
feedforward path to implement the right-hand side of (15),
plus n integrator blocks on the feedback path to provide
dynamics. The number of RBF nodes in the first layer equals
the cardinality of M. This provides the key feature of the
model, namely a structure adaptive to the given prototypes,
as discussed in the introduction. Also note that the centers
and the columns of the weight matrix C are set directly to
the given prototypes. This reduces the burden of adding a
new prototype to the existing fixed points (i.e. memorizing)
to merely incorporating a new RBF node and augmenting C
by the new prototype, without requiring any computations.
Similarly, removing (or forgetting) an existing prototype can
be directly achieved by removing the associated RBF node
together with its connections. The only tunable parameter
of the n identical MLP subnetworks is m, the number of
prototypes. Then the two scalar parameters to be adjusted
by the designer are � and K to improve the classification
performance, as explained in the previous subsections.

We finally note that the proposed neurodynamic model
does compute the distances from the current state vector
to the prototypes,6 but still performs no comparisons to
evaluate (1), differing itself from the straightforward NNC.

3. Experimental results

In this section, we first present the experimental results
related to classification performance of the proposed model
in terms of randomly-generated classification instances.
Then, the applications of the neurodynamical NNC on two

6 Such explicit distance calculations are avoided really in conventional
neural associative memory models [20].
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classification tasks, namely character recognition and gray-
scale image reconstruction, are demonstrated.

To simulate the continuous-time system (15) on a digi-
tal computer, we used the MATLAB� ODE Toolbox func-
tion ode23s [21]. This numerical solver implements a mod-
ified version of Rosenbrock method, a generalization of
Runge–Kutta discretization, and is specialized in ordinary
stiff differential equations, such as (15) with a large K.

3.1. Classification performance

In order to validate experimentally the arguments of the
preceding section on the width parameter �, we evaluated the
proposed NNC on random instances of the nearest neigh-
bor classification problem. We denote an instance by a pair
(z, M), where z is an element (distorted pattern) and M
is a finite subset (prototype set) of the pattern space P.
In the experiments, we assumed P = [0, 1]n, as was done
throughout the design, and drew 1000 instances indepen-
dently from uniform distribution for each n ∈ {5, 10, 20}
and m ∈ {3, 10, 50}. The scaling parameter K was set to 106

in all simulations.
Table 2 reports the classification accuracy of our neuro-

dynamic NNC with respect to three different choices of �,
namely 0.8�sup, 0.5�sup, and, 0.1�sup, where �sup is the supre-
mum of � calculated by the right-hand side of Eq. (14) for
the instance handled.7 Each entry on the columns labelled
C% is the success rate of the classifier for the corresponding
n, m, and, �, in percents, i.e. number of instances classified
correctly divided by the number of all instances 1000. By
the correct classification is meant such outcome of an ex-
periment that, for the initial conditions set as the distorted
pattern z, the steady-state response of dynamical NNC is
a fixed point, which is closest to the prototype f (z) ob-
tained by evaluating (1) exactly. In other words, we accept
here a steady-state solution as a correct outcome if x(∞)

falls into the correct class by satisfying f (x(∞))=f (x(0)),
even though x(∞) itself is different than the exact outcome
f (x(0)).8 This neglected difference is accounted in sepa-
rate columns labelled by � in the table. The quantity � is the
average gap between the exact classification result and the
one obtained by our NNC for the corresponding �, so is in-
deed a measure of the distortion in the energy representation
(5). In particular,

�(n, m) = 1

1000

1000∑
i=1

‖f (xi (0)) − xi (∞)‖2,

7 Recall from Section 2.6 that �inf is an absolute upper bound on
the width parameter, over which the bijectiveness of the mapping of
prototypes to the fixed points (i.e. our fundamental design criterion) is
violated certainly.

8 This distinguishes the concept of correct classification from exact
classification, where the difference between the two outcomes is zero. In
fact, as shown in Section 2.6, exact classification can never be achieved
by the proposed NNC.

where xi (0) is the initial condition (which is set as the
distorted pattern z) and xi (∞) is the steady-state response
of the system at ith instance of the test group generated
for n, m.

Table 2 shows that the classifications performed on the
same group of instances turn out to be more accurate as �
decreases in both factors represented by C% and �. This is
an expected outcome due to the findings of Section 2.6. It
can also be seen from these results that the improvement
in performance due to small � is indeed exponential, i.e.
for large �, a small decrement in � causes a much greater
improvement in C% and � than in the case of a small �.
For the particular range of n, m considered here, when �
is set to a positive value less than half of the supremum
given by (14), the gaps between the actual fixed points
and desired ones reduces significantly, making the outcome
satisfactory.

The effect of � could be observed also on a single column
of Table 2. For large n and small m, the expected distances
between the prototypes are larger than the opposite case,
making �sup large. Therefore, for fixed � and n, the classifier
is more likely to produce accurate results, when dealing with
larger prototype sets.

Note that our definition of correct classification above re-
lates C% to � so that the effects of � on these two per-
formance criteria are in the same direction. On the other
hand, the rate C% depends also on another phenomenon
not represented in Table 2, namely the corruption of basins
of attraction due to large � which has been explained in
Section 2.5. To visualize this corruption and how it is af-
fected by �, we generated two random classification in-
stances in [0, 1]2, one with 3 prototypes and the other with
5 prototypes, and obtained two dynamical NNCs to resolve
these instances. The basins of attraction of the fixed points
of each classifier are illustrated for two different � values
in Fig. 7.

Observe from Fig. 7 that the widths of the RBFs impact
also the partitioning of the pattern space, even after all are
set equal to �. Choosing a small � in the design is advan-
tageous from this point of view, too. By comparing the
amounts of corruptions of the partitionings on two instances
shown on the first column of Fig. 7 (for � = 0.5�sup), it
can be concluded that the negative effect of nonzero � be-
comes more visible when the number of prototypes is fewer.
Therefore, a large prototype set would more likely be han-
dled better by the proposed dynamical NNC also from this
aspect.

The cost of choosing a small � reveals itself on the pro-
cessing time of the dynamical NNC. To process a test in-
stance in constructing Table 2, it took the dynamical NNC
6 �s for � = 0.8�sup, 33 �s for � = 0.5�sup, and, 4.75 s for
� = 0.1�sup in average to converge to (i.e. to enter the 2%
band of) the steady-state response. These processing times
depend neither on the dimension n nor the number m of fixed
points of the dynamical system, but solely on the scalar pa-
rameters � and K.
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Table 2
Correct classification rate C% and distortion � on retrieved prototypes

n m � = 0.8�sup � = 0.5�sup � = 0.1�sup

C% � C% � C% �

5 3 74.6 0.14 98.3 0.3 × 10−7 100 0.8 × 10−10

10 91.5 0.03 98.9 0.5 × 10−8 100 1.2 × 10−11

50 98.8 0.01 99.8 1.2 × 10−10 100 3.8 × 10−16

10 3 58.0 0.25 97.5 2.3 × 10−8 100 3.4 × 10−10

10 65.9 0.10 96.4 1.6 × 10−9 100 1.7 × 10−11

50 85.5 0.03 97.3 4.2 × 10−11 100 2.3 × 10−15

20 3 52.2 0.42 93.4 2.0 × 10−10 100 4.9 × 10−10

10 57.2 0.15 92.5 8.1 × 10−11 100 6.7 × 10−12

50 78.4 0.08 92.7 6.1 × 10−13 100 4.3 × 10−16
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Fig. 7. The basins of attraction of stable fixed points obtained for two randomly-generated prototype sets for m = 3 (above) and m = 5 (below). The
plots on the left show the partitioning for � = 0.8�sup and the ones on the right for � = 0.5�sup. The dashed lines on each plot shows ideal partitioning.

3.2. Binary pattern recognition

The first neural associative memory [2] was a simple
finite-state machine operating on n-dimensional bipolar bi-
nary space. Since then, binary pattern recognition, especially
the character recognition, has been the most popular bench-
mark application for neural information processing systems.
Although the neurodynamical model introduced in this work
is capable of handling any real-valued pattern set, we leave
this feature to the next subsection and demonstrate here the
classification first on binary characters.

Fig. 8. English character set used in the binary classification experiment.

The prototype set of 63 characters used in this experiment,
including the blank character, is shown in Fig. 8. This set
was produced using the Courier New font and each character
is represented by a 16 × 11 binary matrix, where 0 denotes
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Fig. 9. 20% distorted text (above) and its reconstruction (below).

a white pixel and 1 denotes a black one. To introduce these
matrices as prototype vectors, we converted each of them
to its lexiographic ordering, obtained by augmenting the
11 columns in increasing order into a column vector, one
below another. Using these preprocessed prototype vectors,
we designed the dynamical model by setting � = �sup/2 =
0.5714 and K = 106.

We then generated the distorted text shown in the first
row of Fig. 9 by inverting 20% of the bits selected uni-
formly randomly from the original text on the second row.
Each (distorted) character was then converted to the vector
representation explained above. We applied these vectors to
the designed network as initial conditions and quantized the
outcomes to binary values after convergence. By converting
them back to the regular matrix representation we observed
that the resulting text was the same as the original one shown
in Fig. 9, so all distorted characters were recognized per-
fectly by the network.

This experiment not only proves the applicability of the
proposed model in binary classification, but also demon-
strates the superiority of adaptive structures to the fixed ones
in realizing Eq. (1). To our knowledge, no neural network
architecture with a fixed structure, even the one proposed
in Ref. [10] that attains the upper bound of classification
performance of symmetric Hopfield network, succeeded in
storing all of the English character set in any available font,
even the capitals and numerals.

3.3. Gray-scale image reconstruction

We also conducted an image reconstruction experiment
with non-binary pattern processing by the proposed neurody-
namical NNC. In this experiment, we used the four 64-level
512 × 512 gray-scale images shown in Fig. 10. To process
these images by our dynamical NNC, which operates within
the unit-hypercube, we represented them with 4 matrices by
mapping linearly each pixel intensity to the interval [0, 1],
where 0 denotes the black level and 1 denotes the white one.

Using these matrices, we generated the prototype sets
{pi

1, pi
2, pi

3, pi
4}512

i=1, where pi
j is the ith column of jth ma-

trix. Then, we constructed the 512 dynamical NNCs for each
prototype set. The width parameter and the scaling factor of
each NNC were set equal to �i

sup/2 and 106, respectively,

where �i
sup is the absolute bound (14) calculated for the ith

prototype set.
We then obtained the corrupted versions of the original

images with 40% salt-and-pepper noise by choosing 40% of

the 262 144 pixels of each image randomly and assigning
their new values as 0 or 1 with equal probabilities.9 The
corrupted images are shown on the first row of Fig. 11.
Each corrupted image was segmented into their columns and
each column was applied to the corresponding NNC as the
initial condition. The entries of resulting vectors were then
quantized to 64 gray levels between 0 and 1, and combined
finally in a matrix for interpretation. The results shown on the
second row of Fig. 11 were obtained. This experiment shows
that the proposed model was successful in the classification
task on non-binary patterns.

It should be noted that the fixed points of the dynamical
classifiers were not located exactly at the desired prototype
vectors due to the nonzero �. Consequently, the resulting im-
ages are not identical with the originals, but differ in some
pixels by small intensity amounts. For instance, approxi-
mately 53% of the pixels in the reconstructed mandrill im-
age differ from the original image by one or two gray levels,
though these differences cannot be detected easily by the hu-
man eye. This shows that the classification performed by the
proposed system was not perfect indeed. To reduce the inac-
curacy, we repeated the experiment by choosing � = 0.3�sup

and K = 108 for all NNCs. The results were exactly the
original images for this choice of �. In fact, it is possible
to achieve perfect classification for quantized images as in
this case by choosing such a small � that the maximum of
the gaps between the prototypes and the corresponding local
maxima is less than the quanta level.

3.4. Computational cost of classification

As mentioned in Section 1, the computational complexity
of the conventional nearest neighbor classifier grows expo-
nentially with the number of prototypes due to the necessity
of comparing the input pattern with each prototype to eval-
uate the arg max operator in (1). Therefore, classification
time of this system is strictly dependent on the number of
prototypes.

The proposed network on the other hand, necessitates par-
allel arithmetic operations within a feedback loop, which is
completed by a continuous-time integrator. Consequently,
our system operates in continuous-time, based upon a time
constant.

Although the computational demand of an analog dynam-
ical system cannot be compared with that of a sequential
algorithm on a digital computer, its running time can. It can
be easily seen from the state representation (16) that the
convergence time is invariant under the number of proto-
types, but solely dependent on the parameter �. Following
the discussion in Section 2.7, the proposed classifier can al-
ways be made faster than its digital counterpart by picking a
sufficiently small � and/or considering a problem with suf-
ficiently large number of prototypes.

9 The salt-and-pepper noise is known as one of the most challenging
corruption types for image processing systems.
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Fig. 10. Four 64-level 512 × 512 gray-scale images used in image reconstruction experiment.

Fig. 11. Images corrupted by 40% salt-and-pepper noise (above) and their reconstructions by the dynamical NNCs (below).

The number of prototypes does impact the complexity of
the proposed network architecture. In particular, each addi-
tional prototype brings a new RBF node to the first layer
of the network, increasing the number of required computa-
tions on the feedforward path by one square-of-Euclidean-
norm calculation and one exp(·) operation (c.f. Fig. 5). It
should be stressed however that the convergence time is in-
dependent of the number of computational units employed
in a network layer due to the inherent parallelism of the
suggested scheme.

From this aspect, computational requirements of the
proposed system are comparable to that of dynamical clas-
sifiers. Note that the number of arithmetic computations by
conventional neurodynamic architectures until convergence
is invariant under the number of prototypes. For instance,
a well-known result by Bruck and Goodman [3] states that
discrete HAM converges in n2 steps, n being the dimension
of its state space. Although this invariance implies really a
great advantage for HAM, M-model, and their variants from
complexity point of view, it actually constrains their storage

capacity and results in non-expandable and low-capacity
classifiers as opposed to the idea advocated throughout
this paper.

4. Conclusions

We have presented a novel continuous-time neurody-
namical model that performs nearest neighbor classification
on the continuous pattern space [0, 1]n. The design pro-
cedure proposed for the model imposes no restriction on
prototypes due to the adaptive structure of RBF network
to the cardinality of M. The prototypes are represented ex-
plicitly as network parameters (weights and thresholds), so
the given information need not be encoded in the system.
Moreover, this representation ensures localized parame-
ters in the dynamical model associated to each fixed point
so that a new prototype can be added, or an existing one
be removed/modified independently, i.e. without affecting
the parameters associated to the rest of the fixed points.
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Although the network calculates all distances from the cur-
rent state vector to prototypes, the convergence to the near-
est one is guaranteed for each initial state vector without
performing any comparisons along the autonomous process.

The only network parameter influencing the classification
accuracy of the proposed NNC is the width parameter � of
the Gaussian RBFs used in the design. We have derived the
constraints on � in terms of the design criteria and validated
them by computer experiments. We have also demonstrated
the classification performance of the model on binary and
gray-scale image processing applications. The results show
that the model implements the association map (1) almost
perfectly, so it qualifies as a neurodynamic NNC.
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Appendix A. Proof of Theorem 3

Any extremum x∗ of the function

E(x) = exp

(
−‖x − c1‖2

2

�

)
+ exp

(
−‖x − c2‖2

2

�

)
(A.1)

lies necessarily on the line segment that connects c1 and
c2 due to Corollary 1, hence, equivalently, it satisfies the
equation

x∗ = (1 − �)c1 + �c2

for some 0���1. By substituting this expression in the
optimality condition (10) for m = 2, we obtain

0 = �(c1 − c2)

(
exp

(
−‖c1 − c2‖2

2

�

))�2

+ (� − 1)(c1 − c2)

(
exp

(
−‖c1 − c2‖2

2

�

))(�−1)2

= (c1 − c2)(�u�2 + (� − 1)u(�−1)2
),

where u = exp(−‖c1 − c2‖2
2/�). This new condition does

not involve x∗. Since c1 and c2 are fixed and different in
general, each solution of the nonlinear equation

hu(�) := �u�2 + (� − 1)u(�−1)2 = 0 (A.2)

for � ∈ [0, 1] corresponds to an extremum point of (A.1),
and vice versa. The plots of hu(�) for 0���1 are given in
Fig. 12 for some u values.
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Fig. 12. Plots of hu(�) for 0���1 and for some u values.

It can be deduced from the definition that, for all u > 0,
hu(0) is negative, the curve hu(·) is continuous and sym-
metric with respect to � = 0.5, where it has a zero-crossing.
This shows that (A.1) has an extremum at the midpoint of
the two centers for all possible u values. On the other hand,
some of these curves, namely the ones that have a negative
slope at �= 0.5, have exactly two additional zero-crossings,
which are symmetric with respect to � = 0.5.

If hu(·) has a single zero-crossing, then its direction is
necessarily from negative to positive values, meaning that
the (unique) extremum is a local maximum. Otherwise, the
crossing at �=0.5 is in the opposite direction, thus identifies
a local minimum. In the latter case, due to the continuity
of (A.1), the two additional extrema are necessarily local
maxima. So, we have the necessary and sufficient condition

dhu

d�

∣∣∣∣
�=0.5

< 0

for (A.1) to have two distinct local maxima. Solving the
inequality for �, which is embedded in u, completes the proof

dh

d�

∣∣∣∣
�=0.5

= u1/4 (2 + ln u) < 0 ⇔ u < exp(−2) ⇔ �

<
‖c1 − c2‖2

2

2
.
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