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Design of continuous and quantized amplitude
holograms by generalized projections
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The method of generalized projections is used to design pure-amplitude diffraction holograms that generate
gray-scale images. Two algorithms are presented: the direct method nonlinearly constrains the hologram
transmittance to the range of real values in [0,1]; the indirect method constrains the transmittance values to
the real axis and linearly transforms the resulting values to the range [0,1]. Digital amplitude holograms
were simulated by quantizing the amplitude holograms resulting from the indirect method. Performance is
demonstrated with objective measures (error, efficiency, and variance) as well as with subjective comparison of
images. Test images included a photographic quality image of Lena, a uniform intensity spot array, and a
binary amplitude block text image. © 1998 Optical Society of America [S0740-3232(98)00401-3]

OCIS codes: 090.0090, 050.1970, 070.2580, 100.0100.
1. INTRODUCTION
In this paper we address the following problem: What
distribution of amplitude a(x) is needed in the transmit-
tance function of a pure-amplitude hologram or spatial
light modulator to generate a far-field light intensity
I(u)? Here, x is the displacement vector in the plane of
the hologram, and u is the displacement vector in the
Fourier, or image plane. We examine both continuous
and quantized amplitude holograms. With the increas-
ing interest in diffractive optics,1–5 this problem comple-
ments pure-phase hologram design.6,7

Wyrowski approached the pure-amplitude hologram
design problem by using an iterative algorithm.8,9 In
this paper we apply the method of generalized projec-
tions. We also address a second constraint in which the
hologram is divided into Nc nonoverlapping cells, within
which the amplitude a(x) is constant.

Hologram design has been applied to optical imaging10

and uniform intensity spot array generation11,12 and
could be used for optical computing13 and photonic
switching.14 For example, it could serve as the basis for
a reconfigurable optical interconnection device15 as in a
general parallel iterative optical processor.16 This type
of problem is also of interest in the areas of antennas,
radio-wave propogation, and radar.17,18 For example, it
appears in adaptive antennas.19

Stated mathematically, the problem addressed here is
as follows: Given a prescribed intensity I(u), find a real
function a(x) that satisfies

I~u! 5 U E
V

a~x!exp~2j2pu • x!dxU2

, (1)

where V is the support of the hologram. We make the
usual scalar optics approximations, i.e., paraxial optics,
and spatial details much larger than the wavelength of
light.20 The constraint on the real a(x) requires that

a~x! P @0, 1# for all x P V. (2)
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Nonlinear integral equations of the type shown in Eq.
(1) are generally not solvable by the iterative procedure of
Ladweber21 or its derivatives, the Gerchberg22 and
Papoulis23 algorithms. The method of convex
projections24 is also not applicable because the constraint
in Eq. (1) cannot be expressed as a convex set. To solve
this problem, we use the method of generalized
projections.25

The remainder of this paper is organized as follows:
Section 2 briefly reviews the method of generalized pro-
jections; Section 3 presents two design algorithms and the
relevant projection operators; Section 4 shows the results
of computer simulations when this method was applied to
three test images; and Section 5 contains our conclusions.

2. METHOD OF GENERALIZED
PROJECTIONS
A very brief review of the method of projections is given
below; additional details can be found in Refs. 26 and 27.
An early application of an iterative algorithm that uses
biplanar constraints for hologram design is furnished in
Ref. 28.

A. Convex Projections
A fundamental concept in image restoration is that the
signal or image to be restored, f, is known to lie in M
given sets Ci (i 5 1, 2, ..., M), where each of the sets rep-
resents a constraint on the image. A method for restor-
ing f when all the sets are convex is given by the method
of projection onto convex sets. This algorithm24 is given
as

fn11 5 T1T2 ...TMfn , (3)

where f0 is arbitrary and

Ti,1 1 l i~Pi 2 1 ! ~i 5 1, 2, ..., M !. (4)

This algorithm is known to converge to a point in C0
5 ùi51

M Ci , provided that C0 is not empty and 0 , l i
, 2.0. When l i 5 1 for all i, Eq. (3) is referred to as a
1998 Optical Society of America
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pure-projection algorithm. In Eq. (4) Ti is called a re-
laxed projector, and Pi is the projector that maps an ar-
bitrary L2 signal h to its nearest neighbor in Ci .

B. Generalized Projections
If one or more of the sets Ci is nonconvex, then the con-
vergence of the algorithm given in Eq. (3) is not guaran-
teed, and the algorithm can stagnate at a local minimum,
often called a trap. Nevertheless, the algorithm for M
5 2, i.e.,

fn11 5 T1T2fn ~f0 arbitrary!, (5)

is useful for image restoration because it satisfies a re-
stricted type of convergence related to the summed dis-
tance error (SDE), defined as follows. For any vector g in
L2, the SDE, denoted by J(g), is given by

J~g! 5 iP1g 2 g i 1 iP2g 2 g i . (6)

The SDE is the sum of distances from g to the two sets C1
and C2 . Note that J(g) > 0, and J(g) 5 0 if and only if
g P C1 ù C2 . An important characteristic of the recur-
sion given in Eq. (5) is the set distance reduction (SDR)
property described in the following theorem.27

Theorem: The recursion given in Eq. (5) has the prop-
erty

J~fn11! < J~T2fn! < J~fn!, (7)

for every l1 and l2 that satisfy

0 < l i < G~fn! ~i 5 1, 2!, (8)

where G(fn) (not given here in general because of its
lengthy form) depends only on the latest estimate fn and
on the operators P1 , P2 .27 Because G(fn) > 1, the pure-
projection algorithm fn11 5 P1P2fn , resulting from Eqs.
(3) and (4) when l i 5 1, for i 5 1, 2, always exhibits the
SDR property. In words, Eqs. (7) and (8) say that as long
as the algorithm is restricted to two projections (or re-
laxed projections), it is guaranteed to not diverge.

3. PURE-AMPLITUDE HOLOGRAM
DESIGN: PROJECTION OPERATORS
A. Image-Plane Constraint: Prescribed Magnitude
Method
The prescribed image pixel magnitude method, discussed
in Ref. 6, is summarized here. The constraint set related
to this method is CPM , the set of all complex-valued func-
tions having the prescribed Fourier magnitude M(u).
Thus,

CPM 5 $h~x! ↔ H~u! : uH~u!u 5 M~u!%, (9)

where the double-sided arrow indicates a Fourier trans-
form pair. It is straightforward to show that CPM is non-
convex, and we omit this demonstration. The projection
of an arbitrary function g(x) onto CPM is

PPM g~x! ↔ M~u!exp@ juG~u!#, (10)

where uG(u) is the phase of G(u) ↔ g(x). In each itera-
tion, the projection operator in Eq. (10) replaces the mag-
nitude of the image with the desired magnitude distribu-
tion M(u) leaving the phase distribution unchanged.
The proof of Eq. (10) is given in Ref. 27.
B. Hologram-Plane Constraints

1. Direct Method: The Pure-Amplitude-Hologram
Constraint
The pure-amplitude hologram is divided into Nc nonover-
lapping cells, with the ith cell having support V i . The
transmittance function of the hologram h(x) within each
cell has a constant value ai , which is restricted to real
values in the range [0, 1]. The support of the hologram is
given by V, ø i51

Nc V i . The constraint set that corre-
sponds to the pure-amplitude hologram design problem is
CPA , which can be written mathematically as

CPA,$h~x!: h~x! 5 ai P @0, 1#

for x P V i , i 5 1, ..., Nc ,

h~x! 5 0 for x P Vc%, (11)

where Vc is the complement of V. Note that the set CPA
can be written as the intersection of Nc 1 1 sets

CPA 5 CFS ù CPA,1 ù CPA,2 ù ... ù CPA,Nc
, (12)

where CFS is the set of all functions having finite support
V and CPA,i are given by

CPA,i,$h~x!: h~x! 5 ai P @0, 1# for x P V i%.
(13)

In Ref. 29 we show that CPA,i is convex and that the
projection of an arbitrary function f (x) onto CPA,i is given
by

PPA,i f~x! 5 5
f̄Ri for x P V i and f̄Ri P @0, 1#

0 for x P V i and f̄Ri , 0

1 for x P V i and f̄Ri . 1

f~x! for x P V i
c

,

(14)

where

f̄Ri,
E

Vi

fR~x!dx

E
Vi

1 • dx

(15)

and fR(x) denotes the real component of f (x). The pro-
jection PPA,i f (x) is implemented by (1) discarding the
imaginary part of f (x), (2) replacing the real part of f (x)
by an average over V i , and (3) constraining this average
to the range [0, 1] by clipping all values outside the range.
The discrete implementation of this algorithm replaces
the integration over V i with a summation.

The projection operator PPA is thus implemented as
PFS P i51

Nc PPA,i , where

PFS f ~x! 5 H f ~x! for all x P V

0 for all x P Vc . (16)

However, because all of the operators act independently,
effectively operating on nonoverlapping regions of the
projected function V i and Vc, they can be simultaneously
applied. With respect to the SDR property, PPA counts as
a single projection operator.
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2. Indirect Method: The Pure-Real-Hologram
Constraint
This method consists of two steps and is detailed in Sec-
tion 4. In the first step, the method of generalized pro-
jections is used to find a continuous amplitude hologram
that generates the prescribed image-plane magnitude,
with no restriction on the amplitude range of the holo-
gram. The second step scales the real hologram so that
each cell has an amplitude in the range [0, 1].

As with the direct method, the real hologram is divided
into Nc nonoverlapping cells, with the ith cell having sup-
port V i . The transmittance function of the hologram
h(x) within each cell has a constant value ri , which is re-
stricted to the set of real values (not necessarily positive).
The support of the hologram is given by V, ø i51

Nc V i .
The constraint set that corresponds to the pure-real-
hologram design problem is CPR , which can be written
mathematically as

CPR,$h~x!: h~x! 5 ri P R for x P V i ,

i 5 1, ..., Nc ,

h~x! 5 0 for x P Vc%,
(17)

where R is the set of real numbers. Note that the set CPR
can be written as the intersection of Nc 1 1 sets

CPR 5 CFS ù CPR,1 ù CPR,2 ù ... ù CPR,Nc
, (18)

where CFS is the finite support constraint set introduced
above and CPR,i are given by

CPR,i,$h~x!: h~x! 5 ri P R for x P V i%. (19)

In Ref. 29 we show that CPR,i is convex and that the
projection of an arbitrary function f (x) onto CPR,i is given
by

PPR,i f ~x! 5 H f̄Ri for x P V i

f ~x! for x P V i
c , (20)

where f̄Ri is defined in Eq. (15). The projection PPR,i f (x)
is realized by discarding the imaginary part of f (x) and
replacing the real part of f (x) by an average over V i .

The projection operator PPR is thus implemented as
PFS P i51

Nc PPR,i , where PFS was defined in Eq. (16). As
with PPA , PPR counts as a single projection operator with
respect to the SDR property.

4. COMPUTER SIMULATIONS
In this section we present the results of several computer
simulations that use the methods described above. A set
of performance measures are defined. Three types of im-
age were used in the experiments: a photograph-quality
image of Lena, a uniform intensity spot array, and white
block text on a black background.

A. Generalized Projection Algorithms

1. Direct Method
The steps of the pure-amplitude-hologram design algo-
rithm are as follows:

1. Begin with an initial transmittance function
f0(x) 5 1. Initialize k 5 0.
2. Compute Fk(u) 5 DFT$ fk(x)%, where DFT denotes
the discrete Fourier transform.

3. Modify Fk(u) according to Eq. (10) and then use the
inverse DFT to obtain f̂k(x) 5 PPM fk(x).

4. Project f̂k(x) onto CPA to yield fk11(x)
5 PPA f̂k(x), the projection onto the pure-amplitude holo-
gram constraint set. Increment k so that k⇐k 1 1.

5. If k < kmax , then go to step 2; otherwise stop. The
constant kmax is chosen to be large enough that there is
negligible change in fk(x) for k . kmax . In practice,
kmax 5 100 was always large enough.

The direct method can be modified to generate discrete
amplitude holograms by replacing PPA with a quantized
amplitude projection operator that we shall denote PQA .
It can be shown that the application of PQA is equivalent
to the application of PPA , followed by the quantization of
each resulting amplitude in V. Because the direct
method produced unacceptable results for all experiments
performed, details of the quantized algorithm are not pre-
sented here. The interested reader is referred to Ref. 29.

2. Indirect Method
The indirect method of pure-amplitude-hologram design
is detailed as

1. Follow the five steps in the direct method, replac-
ing PPA by PPR in step 4 such that there is no restriction
on the amplitude range of the pure-real hologram.

2. Scale the real hologram so that each cell has an
amplitude in the range [0, 1].

3. For discrete amplitude holograms, quantize the
amplitudes to the set of Q uniformly distributed values,
$n/(Q 2 1), n 5 0, 1, ..., Q 2 1%.

Step 2 is achieved by replacing the real f (x) that re-
sults from step 1 with the scaled value

fs~x! 5
f ~x! 2 fmin

fmax 2 fmin
, (21)

where fmin and fmax are the minimum and the maximum
values, respectively, of f (x) over all x P V.

A remark is in order: because of the hard-clipping of
values to the range [0, 1], the direct method does not
maintain the relationship of gray levels among the pixels,
whereas the indirect method does. Hence we intuitively
expect superior results from the latter. Indeed, such was
the case.

B. Performance Measures
The far-field efficiency h, particularly important in spot-
array generation, is defined as the ratio of the energy that
illuminates the receivers to the total summed light en-
ergy in the image plane (far field). Mathematically, h is
defined as

h ,
(
iPID

uF~ui!u2

(
all j

uF~uj!u2

3 100%, (22)

where ID is the set of desired indices corresponding to the
image-plane pixels that we wish to illuminate. Note that
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h indicates the percentage of far-field energy that is dis-
tributed as desired. However, the total far-field energy
represents only a fraction of the energy illuminating an
amplitude hologram. A measure of the energy absorbed
by the hologram is the total efficiency, hT , defined as

hT ,
(
iPID

uF~ui!u2

E in

3 100%, (23)

where E in is the total energy illuminating the hologram.
We expect that for inherently lossy pure-amplitude holo-
grams, both h and hT will be small versus efficiencies ob-
tainable with pure-phase holograms.6,10–12

Although it is well known that the mean square error
alone is often not a useful measure, to provide an objec-
tive quality measure that augments the subjective im-
ages, we use the normalized mean squared error (NMSE),
defined by

Fig. 1. Prescribed Lena pattern. (a) Entire far-field pattern
(256 3 256), (b) Lena portion of the prescribed pattern (127
3 127).
NMSE ,
(

all u
@auF~u!u 2 M~u!#2

(
all u

M2~u!

, (24)

where F(u) is the complex image generated by the algo-
rithm, M(u) is the prescribed image magnitude, and the
scale factor a is given by

a 5

(
all u

@M~u!uF~u!u#

(
all u

uF~u!u2

. (25)

It is not difficult to show from Eqs. (24) and (25) that the
NMSE can be rewritten as

Fig. 2. Continuous amplitude hologram design results for the
Lena image (127 3 127 with the dc peak blocked). (a) Recon-
structed Lena from the direct method, (b) reconstructed Lena
from the indirect method.



72 J. Opt. Soc. Am. A/Vol. 15, No. 1 /January 1998 Catino et al.
Fig. 3. Quantized amplitude hologram design results for the Lena image by the indirect method (127 3 127 with the dc peak blocked).
(a) Q 5 1024, (b) Q 5 512, (c) Q 5 256, (d) Q 5 128.
NMSE 5 1 2
^M~u!,uF~u!u&2

iM~u!i2iF~u!i2 , (26)

where the inner product in Eq. (26) is given as

^M~u!,uF~u!u&,(
all u

M~u!uF~u!u, (27)

Table 1. Normalized Mean Square Error for the
Lena Amplitude Holograms Generated by the

Indirect Method, Excluding Contributions from
the dc Peak

Q NMSE

` 0.000
1024 0.004
512 0.014
256 0.043
128 0.159
iM~u!i2,^M~u!,M~u!&, (28)

and likewise for iF(u)i2. Hence, when uF(u)u is propor-
tional to M(u) (highly desirable), the NMSE is zero. On
the other hand, when uF(u)u is orthogonal to M(u) (highly
undesirable), the NMSE is unity, i.e., a 100% error.

For some applications, such as spot arrays and block
text, we would like to illuminate various regions of the
image plane with uniform intensities. This uniformity is
measured by the normalized variance of the peaks, s2,
defined by

s2,
1

ND

(
iPID

~ uF~ui!u 2 F̄ !2

F̄2
, (29)

where ND is the number of elements in ID , and

F̄ 5
1

ND
(
iPID

uF~ui!u. (30)
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Fig. 4. Prescribed intensity pattern for a 4 3 4 uniform inten-
sity spot array with Nc 5 64. The gray lines delineate the ele-
ments of the DFT array.
C. Simulation Results

1. Photographic Image: Lena

In the first experiment, the amplitude hologram design
algorithms were used to generate a photographic image of
Lena. Because amplitude holograms generate far-field
intensity patterns (i.e., uF(u)u) with odd quadrant symme-
try (uF(u)u 5 uF(2u)u), we used a symmetric far-field
pattern consisting of a 127 3 127 Lena image and its
twin image. All far-field pixels outside the two images
were assigned an intensity of zero. The entire image
field was contained in a 256 3 256 array with 256 pre-
scribed gray levels uniformly distributed between black
and white. Figure 1(a) shows the prescribed intensity
function, and Fig. 1(b) shows the Lena portion of the pre-
scribed intensity function.

Figure 2(a) shows the Lena portion of the far-field in-
tensity pattern that is generated by a continuous pure-
amplitude hologram designed by the direct method. The
poor subjective quality of this image led to the formula-
Fig. 5. Uniform intensity spot arrays generated by the indirect method. (a) Q 5 `, (b) Q 5 64, (c) Q 5 16, (d) Q 5 8.
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tion of the indirect method. Figure 2(b) shows the image
generated by the continuous amplitude indirect method.
The subjective quality of this image is excellent because
the constraint sets intersect. In addition, for any real
initial condition f0(x), the algorithm converges to the so-
lution after one iteration. In these figures, the dc peak is
purposely blocked and the contrast in the 127 3 127 im-
age is optimized without the dc peak to minimize the
NMSE, as given in Eqs. (24) and (25).

The rapid convergence can be understood by examining
the projection algorithm. The algorithm begins with an
initial transmittance function f0(x) of unity within the
support of the hologram V. Next, the magnitude of the
Fourier transform F(u) is constrained. Then, the imagi-
nary component of f (x) is set to zero. Because the pre-
scribed magnitude function has odd quadrant symmetry,
the imaginary component is already zero. After this
point in the algorithm, the functions do not change. This
convergence is guaranteed for any arbitrary real f0(x).

Figure 3 shows the quantized amplitude results from
the indirect method for Q levels, where Q 5 1024, 512,
256, and 128. The subjective quality for Q 5 1024 is, in
our opinion, excellent. As Q is reduced to 512, quantiza-
tion noise is (barely) noticeable. The Q 5 256 result has
visible degradation. As Q is reduced to 128, the subjec-
tive quality is unacceptable.

The NMSE values for the Lena images listed in Table 1
are calculated without the dc peak since it adds nothing

Fig. 6. Prescribed intensity pattern for block text with
Nc 5 1024. The gray lines delineate the elements of the DFT
array.

Table 2. Performance Measures for Uniform
Intensity Spot-Array-Amplitude Holograms

Generated by the Indirect Methoda

Q NMSE h hT s2

` 0.0000 5.88 1.56 0.0
64 0.0002 6.05 1.56 0.0
16 0.0041 6.63 1.56 0.0
8 0.0188 7.68 1.56 0.0

a The contribution of the dc peak is included in h and hT but is excluded
from NMSE and s2.
to the quality of the image. As with the subjective qual-
ity, the NMSE is excellent for Q 5 1024, 512, and 256,
but degrades significantly when Q is reduced to 128.
This can be explained by considering the relative fre-
quency of the amplitude of the continuous hologram.
When the amplitudes are normalized to the range [0, 1],
over 90% of the amplitude values fall in the range [0.268,
0.277]. For Q 5 128, all of these values will be mapped
to one of two quantization levels. This suggests a large
error due to the coarse quantization of the majority of the
values, which is reflected as a noisy far-field image.

2. Uniform Intensity Spot Arrays
Another important application of diffraction holograms is
the generation of uniform intensity spot arrays. In this
application, the diffraction hologram converts an incident
monochromatic plane wave into a two-dimensional matrix
of uniform intensity spots in the far field. Such a device
can be used to uniformly illuminate a matrix of optical de-
vices with a single source. In a related application, a co-
herent laser beam that is modulated by an information
signal can be broadcast to an array of receivers. Because
amplitude holograms attenuate the incident light, they
are generally not well suited for applications in which ef-
ficiency is to be maximized. Pure-phase holograms, on
the other hand, transmit 100% of the source optical
power.6,30 Wyrowski addressed the design of efficient
amplitude holograms in Ref. 9. The amplitude holo-
grams designed here suffer in efficiency, as expected, due
to attenuation and a large amount of energy at dc, on the
other hand, their variance is quite excellent.

Because of the symmetry property of amplitude holo-
grams, we restrict our experiment to spot arrays having
odd quadrant symmetry. Figure 4 shows the prescribed
intensity pattern for the 4 3 4 array of spots, with
Nc 5 64. Figure 5 shows the far-field intensity patterns
that result with the indirect method for Q 5 ` (continu-
ous amplitude), 64, 16, and 8. In these images, the dc
peak is allowed to saturate as a white square in the upper
left-hand corner.

Performance measures for the uniform intensity spot
array results are listed in Table 2, where the dc peak is
included in the computation of the efficiency but not in
the computation of the NMSE or variance. The NMSE
agrees with the subjective quality of the images, remain-
ing very good for Q of 16 or above and degrading for lower
values of Q as the energy spreads to the alternating far-
field pixels.

Note that the variance is exactly zero for all values of
Q, indicating that the intensities of the spot array are
perfectly uniform. The perfect uniformity provides moti-
vation for using amplitude holograms even though their
efficiency is low, as anticipated. The low values of NMSE
combined with the low values of h indicate that the vast
majority of the energy in the far field is lost in the dc
peak.

3. Binary Amplitude Block Text
In the third experiment, we generated the block letters
‘‘IIT’’ in white on a black background. The prescribed in-
tensity pattern is shown in Fig. 6, with Nc 5 1024. The
results from the indirect method for Q 5 `, 64, 32, and
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Fig. 7. Block text generated from quantized amplitude hologram design by the indirect method. (a) Q 5 `, (b) Q 5 64, (c) Q 5 32, (d)
Q 5 16.
16 are shown in Fig. 7. Again the dc peak is allowed to
saturate in the upper left-hand corner. The subjective
quality remains excellent as Q decreases to 32 but de-
grades significantly as Q reaches 16 or less.

Table 3. Performance Measures for Block Text
Amplitude Holograms Generated by the Indirect

Methoda

Q NMSE h hT s2

` 0.0000 3.00 0.49 0.000000
64 0.0037 3.01 0.49 0.000186
32 0.0174 3.02 0.49 0.001073
16 0.0651 2.96 0.48 0.004438

a The contribution of the dc peak is included in h and hT but is excluded
from NMSE and s2.
Performance measures for the block text experiments
are listed in Table 3, where again the dc peak is included
in the computation of the efficiency but is not included in
the computation of the NMSE or the variance. The
NMSE agrees with the subjective quality, maintaining
negligible values for Q larger than 16 and degrading as Q
is reduced to 16. The variance of the peaks measures the
uniformity of the intensities of the far-field elements that
constitute the text. This measure is consistent with the
NMSE: excellent for Q above 16 and steadily degrading
as Q decreases. Similar to the spot-array results, the
consistent uniformity motivates use of amplitude holo-
grams despite their low efficiency. As in the spot-array
experiment, most of the far-field energy is lost to the dc
peak. When Q is reduced to 16 or less, some of the far-
field energy leaks into the background of the text and is
visible as noise. Note that here, h and hT are computed
with use of only one quadrant of the far-field image in
Fig. 7.
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5. CONCLUSIONS
The method of generalized projections is used to design
pure amplitude diffraction holograms that generate gray-
scale images. Two algorithms are presented. The direct
method nonlinearly constrains the hologram transmit-
tance to the range of real values in [0, 1]. This method
produced unacceptable results in all experiments, includ-
ing the continuous amplitude case. The indirect method
constrains the transmittance values to the real axis and
linearly transforms the resulting values to the range
[0, 1]. This method always produced excellent images for
the continuous amplitude case. Digital amplitude holo-
grams were simulated by quantizing the continuous am-
plitude holograms resulting from the indirect method.
With a large number of discrete amplitudes, the perfor-
mance was excellent. The minimum acceptable number
of amplitudes varied with the test image: for Lena, it
was 256; for the uniform intensity spot array, it was 8;
and for the block text, it was 16. Having established a
theoretical basis, and completed a performance study
with this paper, future investigation is warranted to re-
duce the number of quantization levels without degrading
performance. One promising approach involves a clique
energy projection design technique presented in Ref. 31.
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