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Pseudorandom encoding is a statistical method for designing Fourier transform holograms by mapping ideal
complex-valued modulations onto spatial light modulators that are not fully complex. These algorithms are
notable because their computational overhead is low and because the space–bandwidth product of the encoded
signal is identical to the number of modulator pixels. All previous pseudorandom-encoding algorithms were
developed for analog modulators. A less restrictive algorithm for quantized modulators is derived that per-
mits fully complex ranges to be encoded with as few as three noncollinear modulation values that are sepa-
rated by more than 180° on the complex plane. © 1999 Optical Society of America [S0740-3232(99)02001-3]
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1. INTRODUCTION
A. Rationale for Using Pseudorandom Encoding for the
Design of Fourier Transform Holograms
The first computer-generated hologram (CGH) solved the
problem of representing complex-valued modulations
with a binary amplitude-only transmittance.1 High-
quality reconstructions were possible because of the high
spatial resolution of large-area plotters (followed by suc-
cessive photographic reductions). Since then various
CGH algorithms have been developed in response to the
particular physical properties of the modulating
medium—physical properties such as modulating type:
amplitude-only, phase-only, or coupled amplitude–phase
modulation; modulation levels: continuous or quantized;
spatial structure: continuous or discretely sampled; spa-
tial resolution/space–bandwidth product: low to high;
and update rate: fixed-pattern to programmable in real
time.2

CGH algorithms are also shaped by the intended appli-
cation. For example, for today’s fixed-pattern diffractive
optic Fourier transform holograms that are replicated en
masse, there is no major time constraint in employing de-
sign algorithms that use numerically intensive optimiza-
tions and search strategies. However, if individual
custom-designed CGH’s are to be used by a large cus-
tomer base (e.g., a unique CGH for each holder of a na-
tional credit card), then the amount of time required to
design (and also to fabricate) each CGH should be on the
order of 1 s.2 Computationally intensive design algo-
rithms may also not be appropriate for many optical pro-
cessors based on spatial light modulators (SLM’s); espe-
cially, adaptive processors that incorporate new
information into newly designed SLM modulations on the
fly. It is the later time-critical applications that the al-
gorithms presented in this paper are designed to address.

Methods that we refer to as encoding are especially
suitable for fast design of modulations because they cal-
culate the mapping between each desired complex value
and each modulator pixel in sequence [see Fig. 1(a)]. En-
coding was the principal method of designing CGH’s be-
0740-3232/99/010071-14$15.00 ©
fore 1973. With the work of Gallagher and Liu on itera-
tive encoding,3 there has been a continuing use and
refinement of computationally intensive optimization and
global search methods to design Fourier transform holo-
grams. For time-critical applications we believe that the
advantages of speed and flexibility of encoding are prefer-
able to the performance advantages (especially, diffrac-
tion efficiency) of the slower iterative methods.

A second important aspect of encoding onto real-time
SLM’s is that today’s SLM’s have far fewer pixels (i.e.,
space–bandwidth product) than their earlier counter-
parts, the fixed-pattern CGH pen plots. For the earlier
CGH algorithms, it was reasonable to cluster or group
pixels together, thereby reducing the space–bandwidth
product of the encoded signal by a factor equal to the
number of pixels in each group. However, given the low
pixel count and the relatively large cost of current SLM’s,
it is important to utilize as much of the space–bandwidth
product of the SLM as possible.

These two considerations on computational speed and
bandwidth utilization led to the development of pseudo-
random encoding,4–6 a class of algorithms that encode in-
dividual complex values to individual SLM pixels. Since
each given value encodes to an individual pixel rather
than a group, the space–bandwidth product of the modu-
lation (for periodically sampled SLM’s) is identical to the
number of pixels in the SLM.

B. Developments in Pseudorandom Encoding Leading
toward Ternary Pseudorandom Encoding
The pseudorandom-encoding process represents desired
fully complex values (on SLM’s that do not produce a com-
plete set of complex values) through the statistical ap-
proximation known as the law of large numbers.7 A
unique random distribution of the available pixel modu-
lations is specified for each desired complex value such
that the average modulation equals the desired complex
value. Under this set of conditions, the resulting Fourier
plane intensity pattern will, on average, produce the de-
sired Fourier plane diffraction pattern plus a broadly
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spread pedestal that represents the average level of back-
ground noise4 [see Fig. 1(b)]. According to the law of
large numbers, the actual diffraction pattern will approxi-
mate the average pattern with increasing accuracy as the
number of pixels in the SLM is increased.8 The back-
ground noise in the actual pattern is a speckle pattern,
which can be either negligible or dominant, depending on
the specific complex-valued function that is to be encoded.
Some simple metrics calculated from the desired complex
function have been described that can be used to provide
designers advance knowledge about the quality of each
particular encoding.4,8 Also, in Section 5, a more gener-
ally applicable model of signal-to-noise ratio (SNR) is de-
veloped.

Until now, pseudorandom-encoding algorithms have al-
ways been derived under the assumption that the SLM
produces a continuous range of values (e.g., phase-only or
coupled amplitude). In one study a continuous (phase-
only) modulation has been augmented with a single quan-
tized (zero-amplitude) modulation,5 but this algorithm
does not encode a fully complex range of values if the con-
tinuous, unit-amplitude portion of the modulation curve
is quantized. However, a key result of this study that is
fundamental to the development of pseudorandom encod-
ing on quantized SLM’s is the realization that any com-
plex value contained on the line between two complex-
valued points can be pseudorandom encoded. By
repeatedly using this result for all possible pairs of points
on the modulation characteristic, one can identify the en-
coding range of any given SLM.6 The complex values
identified as encodable by this geometric construction al-

Fig. 1. Systems definition of complex-valued encoding. (a) Sys-
tems viewpoint of the Fourier transform computer-generated ho-
logram. A desired complex-valued signal is encoded into a real-
izable SLM modulation. This signal is decoded through
diffraction into a spectrum that approximates the desired
complex-valued spectrum. (b) Systems viewpoint specialized for
pseudorandom encoding. The desired complex-valued signal
ac(x) is pseudorandom encoded (PRE) to produce the realizable
modulation a(x). The observed intensity diffraction pattern
I( f ), which is the squared magnitude of the Fourier transform
of a(x), approximates the desired intensity diffraction Ic( f ) in a
statistical sense. Specifically, the expected value of I( f ), i.e.,
^I( f )&, is the desired diffraction pattern Ic( f ) on a background
of white noise.
ways form a convex set. This analysis procedure was
also used to consider the feasibility of pseudorandom en-
coding on quantized SLM’s.9 The results in Ref. 9 lead to
the conclusion that with three properly chosen modula-
tion values a circular region around the origin of the com-
plex plane (i.e., a fully complex range) can be pseudoran-
dom encoded.

This minimal set of restrictions on ternary pseudoran-
dom encoding is of critical importance given the large
number of diffractive optics and SLM’s that produce only
a few quantized levels of modulation.

C. Preliminary Description: Distinctions between
Ternary Pseudorandom Encoding and Traditional
Computer-Generated Hologram Algorithms
To appreciate better how ternary pseudorandom encoding
differs from traditional CGH algorithms, it is worth con-
trasting it with Burckhardt’s method.10 Burckhardt’s
method uses a group of three pixels to represent arbitrary
complex values. Each pixel is variable in amplitude be-
tween zero and unity, and (through delayed sampling) the
pixels represent phases of 0°, 120°, and 240°. The addi-
tion of these three vector components with various combi-
nations of the three amplitudes permits any value in the
hexagonal region shown in Fig. 2(a) to be encoded. The
inscribed circle of unity radius is the fully complex set of
values that can be encoded by Burckhardt’s method.

Fig. 2. Distinctions between (a) Burckhardt’s ternary encoding
method and (b) pseudorandom ternary encoding. In Burck-
hardt’s method the magnitudes of the available complex ampli-
tudes a1 , a2 , and a3 (their loci indicated by the three connected
arrows) can be continuously varied between 0 and 1. In pseu-
dorandom encoding, the available complex amplitudes are con-
stant, but the probabilities p, q, and r of selecting a1 , a2 , and a3
can be varied continuously between 0 and 1. The constraint
that p 1 q 1 r 5 1 leads to pseudorandom encoding having a
different encodable/realizable range from that of Burckhardt’s
method. The fully complex range is the maximum-diameter cir-
cular region that surrounds the origin of the complex plane and
that does not exceed the extremal encoding range. The fully
complex range is drawn for the specific case that the origin is the
center of the circular region.
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Ternary pseudorandom encoding differs from Burck-
hardt’s method in two key respects: (1) Any one pixel can
be set to one of only three complex amplitudes rather
than be continuously varied through a range of values,
and (2) one pixel, rather than three pixels, is used to rep-
resent a desired complex value. Figure 2(b) illustrates
the encoding range and the fully complex range (indicated
by the inscribed circle) for unit-amplitude modulation at
the three values of phase of 0°, 120°, and 240°. The am-
plitudes that are physically available in Burckhardt’s
method are effectively represented by the probabilities p,
q, and r in ternary pseudorandom encoding. If one of the
three possible values of modulation is randomly selected
with relative frequencies of occurrence p, q, and r, then
the average value of modulation will be the vector sum of
the three available modulation values scaled by the re-
spective values of probability. As shown in Ref. 4, this
statistical average does effectively represent the pixel
modulation for purposes of designing Fourier transform
holograms.

The remainder of this paper is organized as follows.
Section 2 gives the essential mathematical background on
pseudorandom encoding and its properties needed to de-
rive encoding algorithms for quantized SLM’s. Section 3
derives the ternary pseudorandom-encoding algorithm.
Section 4 evaluates the encoding error for ternary encod-
ing. Sections 3 and 4 also present geometric interpreta-
tions of encoding and encoding error. Section 5 describes
how ternary encoding can be used to build up encoding al-
gorithms for quantized modulation characteristics and
specifically compares the encoding errors for three, four,
and five levels of quantization. Section 5 also develops a
new model of SNR in terms of measures of the signal to be
encoded and the SLM characteristics. Section 6 encodes
the same complex function by the various algorithms and
compares the resulting simulated and experimentally
produced diffraction patterns.

2. MATHEMATICAL BACKGROUND
A. General Description of Pseudorandom Encoding
All pseudorandom-encoding algorithms specify the modu-
lation of any given pixel in terms of a user-specified ran-
dom variable. The statistical properties of the random
variable are selected in such a way that the expected
value, or average, of the random modulation is identical
to the desired, but unobtainable, fully complex value.
The desired complex-valued modulation is written as ac
5 (ac , cc), and the resulting modulation by the SLM is
a 5 (a, c), where the ordered pairs are the polar repre-
sentations of the complex quantities. Complex quanti-
ties are indicated by bold-face type. The pseudorandom-
encoding design statement is, in general, to find a value of
the ensemble average

^a& 5 E ap~a!da (1)

of the random variable a such that ^a& 5 ac . The statis-
tical properties of a are determined by its probability-
density function ( pdf ) p(a). The pdf is specified to en-
sure that the expected value of a and the desired complex
value are identical. After an appropriate density func-
tion is determined, the desired complex value ac is en-
coded by drawing a single value of a from a random dis-
tribution having the density function p(a). Since the
value of a is found deterministically by computer, rather
than from a random process occurring in nature, the pro-
cedure has been named pseudorandom encoding.

This pseudorandom-encoding prescription is applied to
each pixel in sequence to encode the desired spatially
varying complex modulations ac . With i as the spatial
coordinate, the spatial samples of the desired complex
function, the pdf, and the random modulation can be writ-
ten as aci , pi(ai), and ai . This indexing scheme can be
conveniently applied to one- or two-dimensional arrays,
and it is not restricted to equally spaced samples.

The far-field diffraction pattern of the encoded modula-
tion ai approximates the desired diffraction pattern [see
Fig. 1(b)]. This can be seen by comparing the intensity of
the desired far-field diffraction pattern with the ensemble
average diffraction pattern that would result from the en-
coded modulation. The intensity of the desired diffrac-
tion pattern is

Ic~ f ! 5 U(
i

AciU2

5 UF H(
i

aciJ U2

, (2)

where F $•% is the Fourier transform operator, Aci( f ) is
the Fourier transform of the transmittance of the ith
pixel located at position i in the modulator plane, and f is
the spatial coordinate across the Fourier plane. The ex-
pected intensity of the diffraction pattern from the en-
coded modulation has been derived for the condition that
the random variable ai for the ith pixel is statistically in-
dependent of aj for all j not equal to i. Under the pseu-
dorandom design condition ^ai& 5 aci , the ensemble aver-
age pattern is expressed as4–6

^I~ f !& 5 Ic~ f ! 1 (
i

~^uAiu2& 2 uAciu2!, (3)

where Ai( f ) is the Fourier transform of ai . The ex-
pected intensity consists of two terms. The first term is
the desired diffraction pattern from Eq. (2). The second
term corresponds to the average level of background (i.e.,
speckle) noise that is produced as a result of the random-
ness of the modulation. It is the error signal referred to
in Subsection 1.C. For the case of pixels that are mod-
eled as pointlike apertures, the average background noise
is of constant intensity for all frequencies f (i.e., it is
white).

B. Encoding Error Defined
Equation (3) identifies individually the noise contribution
of each pixel. Therefore insight can be gained by evalu-
ating the noise contribution in the modulation plane.
Under the assumption that the pixels are infinitesimally
wide apertures, the inverse Fourier transform of a single
pixel noise term gives the encoding error6

e 5 ^uau2& 2 uacu2, (4)

where the subscript has been dropped to simplify presen-
tation. (If the pixels are of finite width, then an autocor-
relation of the pixel aperture function would also be in-
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cluded in the formula.4 This term is dropped because it
adds no essential insight to the current discussion.)

C. Geometric Interpretation of Binary Pseudorandom
Encoding
As stated in Subsection 1.B, the pseudorandom selection
between two complex values permits any value on the line
segment connecting these two points to be realized on av-
erage. This geometric construction was used to deter-
mine the encoding range of continuous-range SLM’s6,9

and to identify the pseudorandom-encoding range of
quantized SLM’s.9 These results are reviewed here and
used to develop insights into pseudorandom encoding
with three (or more) quantized levels.

Binary encoding is directly developed by using the pdf
for the binary distribution in Eq. (1). The binary pdf is

p~a! 5 pd~a 2 a1! 1 qd ~a 2 a2!, (5)

where d(•) is the Dirac delta function, a1 and a2 are a pair
of complex values from the modulation characteristic, and
p and q 5 1 2 p are the probabilities of selecting a1 and
a2 . Since p is a probability, its value is between 0 and 1.
[It will be clear from usage when we are referring to the
binary probability p and the density function p(a).]
Evaluating Eq. (1) with this pdf gives an expression for
the effective complex amplitude of

^a& 5 pa1 1 ~1 2 p !a2 . (6)

Equation (6) is recognized as the expression for a line as a
function of the variable p. For p 5 1, a1 is encoded; for
p 5 0, a2 is encoded; and for values of p between 0 and 1,
any value lying on the line segment between a1 and a2
can be encoded. This geometric interpretation (see Fig.
3) can be brought out further by considering that the de-
sired complex value ac can be expressed in terms of the
two complex values a1 and a2 as

ac 5
l2

l
a1 1

l1

l
a2 , (7)

where l1 is the distance between ac and a1 , l2 is the dis-
tance between ac and a2 , and l 5 l1 1 l2 . Clearly, the
lengths can be chosen so that the desired value ac can be
realized by the average (or effective) value ^a&. Evalua-
tion of Eq. (4) by using Eqs. (5) and (7) (and some further
algebraic manipulation9) shows that the encoding error
for binary encoding,

e 5 l1l2 5 pql2, (8)

Fig. 3. Geometry of pseudorandom biamplitude encoding. Any
desired value ac between the two available modulation values a1
and a2 can be encoded by pseudorandom encoding. The product
of the lengths of the line segments that connect a1 and a2 to ac is
the encoding error e 5 l1l2 .
is simply the products of the distances from a1 and a2 to
ac . The maximum encoding error 0.25l2 occurs if ac is
the midpoint of the line segment between a1 and a2 .

Equations (6) and (7) suggest the following encoding
formula for binary SLM’s: For a given value of p, the de-
sired complex value ac 5 ^a& is represented (i.e., encoded)
by a single randomly selected value

a 5 H a1 if 0 < s < p

a2 if p , s < 1
, (9)

where s is a uniformly distributed random number be-
tween 0 and 1.

D. Using Binary Encoding to Evaluate Encoding Range
The analysis and the geometric interpretation of binary
pseudorandom encoding [Eqs. (6)–(8)] provides insight
into pseudorandom encoding for various continuous and
quantized modulation characteristics.9 One use of this
analysis is in determining those complex values that can
be pseudorandom encoded for a particular modulation
characteristic. As mentioned in Subsection 1.B, the
range is found by combining the ranges encoded by each
possible pair of values from the SLM characteristic.6 Be-
cause the binary encoding algorithm has the fewest con-
straints, the maximum possible range of values (a convex
set) is found by this procedure. Other constraints [e.g.,
using a nonbinary pdf in Eq. (1)] are known to reduce this
range.6 Figure 2(b) shows the convex region (triangular
shaded) that is bounded by the three possible binary en-
codings a1 2 a2 , a2 2 a3 , and a3 2 a1 . This is the
range of possible complex values that can be realized with
three quantized values of modulation. Also, the circular
shaded region represents the range over which fully
complex-valued functions can be encoded. Section 3 de-
rives ternary encoding and further shows that there is
only one unique solution for encoding a given complex
value.

3. TERNARY PSEUDORANDOM ENCODING
The ternary pdf for the three modulation values a1 , a2 ,
and a3 is

p~a! 5 pd ~a 2 a1! 1 qd ~a 2 a2! 1 rd ~a 2 a3!,
(10)

where the three probabilities p, q, and r of selecting a1 ,
a2 , and a3 satisfy

p 1 q 1 r 5 1. (11)

Evaluating Eq. (1) with this pdf gives an expression for
the effective complex amplitude of

ac [ ^a& 5 pa1 1 qa2 1 ra3 . (12)

There is at most one solution for the values of p, q, and r
that encodes ac . This follows from the fact that there
are three linear equations in the three unknowns. The
real and imaginary parts of Eq. (12) give two of the equa-
tions, and the third expresses that the sum of the three
probabilities is unity. These equations written in matrix
form are
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S acr

aci

1
D 5 F a1r a2r a3r

a1i a2i a3i

1 1 1
G S p

q

r
D , (13)

where subscripts r and i indicate the real and imaginary
parts of the corresponding complex values ac , a1 , a2 , and
a3 . As long as the matrix is nonsingular, Eq. (13) has a
single solution. However, it is possible that the values
found for p, q, and r could be less than zero or greater
than unity. Since these values are probabilities, such so-
lutions cannot be pseudorandom encoded. We will show
that this situation corresponds to the value of ac being
outside the convex region formed by a1 , a2 , and a3 [see
Fig. 2(b)].

The analysis is performed by using Eq. (11) to elimi-
nate r from Eq. (12), which yields

ac 2 a3 5 p~a1 2 a3! 1 q~a2 2 a3!. (14)

This relationship is illustrated in Fig. 4(a). Using the ge-
ometry in Fig. 4(a) and choosing the vector ac –a3 as a co-
ordinate axis, we can write Eq. (14) as

S 0

lc3
D 5 F l13 sin u13 2l23 sin u23

l13 cos u13 2l23 cos u23
G S p

q D , (15)

where l13 , l23 , and lc3 represent the respective lengths
from a1 , a2 , ac to a3 and where u13 and u23 are the angles
from ac –a3 to a1 –a3 and a2 –a3 , respectively. The solu-
tion for Eq. (15) is

p 5
lc3

l13

sin u23

sin~u13 1 u23!
, q 5

lc3

l23

sin u13

sin~u13 1 u23!
.

(16)

The geometry in Fig. 4(a) limits p and q to be positive,
since the angles u13 and u23 are positive and their sum
(since they are part of the same triangle) is less than
180°. Equations (16) do admit values of p and q that ex-
ceed unity.
We consider some special cases to appreciate better the
relationship between values of p, q, and r and values of
ac . First, consider cases where q 5 0. The construction
in Fig. 4(a) indicates that ac lies on the line defined by a1
and a3 . Thus u13 5 0. Solving Eq. (15) for q 5 0 then
gives p 5 lc3 /l13 , and r 5 1 2 (lc3 /l13). This result in-
dicates that ternary encoding reduces to binary encoding
[see Eq. (7)] if q 5 0. Therefore ac is contained between
a1 and a3 as long as p and r are contained between zero
and unity. Similarly, if p 5 0, these equations reduce to
binary encoding between a2 and a3 . If r 5 0, then bi-
nary encoding is performed between the points a1 and a2 .
This situation is illustrated in Fig. 4(b). It is interesting
to note that the geometric construction forms two tri-
angles that are identical to the outer triangle
a1 –a2 –a3 –a1 , except that they are scaled in size by p and
q. Figure 4(c) generalizes this construction for cases
where r Þ 0. From Eq. (11) it is clear that each side of
the outer triangle is divided into lengths that are propor-
tional to p, q, and r. Now three triangles contained in-
side a1 –a2 –a3 –a1 are apparent that are identical except
for their scaling by p, q and r. This discussion shows
that as long as ac is contained on the boundary of
a1 –a2 –a3 –a1 or inside the enclosed area, it can be pseu-
dorandomly encoded. Values that are outside correspond
to probabilities that are less than zero or in excess of
unity, which cannot be realized by this statistical proce-
dure.

Once p and q are found by solving Eq. (13) or by using
Eqs. (16), then ternary pseudorandom encoding of the de-
sired complex value ac 5 ^a& is accomplished by ran-
domly selecting

a 5 H a1 if 0 < s < p

a2 if p , s < p 1 q

a3 if p 1 q , s < 1
, (17)

where s is a uniformly distributed random number be-
tween 0 and 1.
Fig. 4. Geometric relationships for ternary pseudorandom encoding. (a) The three vectors (thick lines) correspond to the three terms
in Eq. (14). Each term corresponds to a vector that has a3 as its origin. (b) Geometry for ternary encoding when the probability r
5 0. For this condition ternary encoding reduces to biamplitude encoding between a1 and a2 . This construction also identifies two
triangles that are identical except for scaling by p and q. The thick lines indicate the two vectors that add together to produce the
desired complex value ac . (c) Geometry for ternary encoding when the probability r is 0 , r , 1. This construction shows that there
are three triangles that are identical except for scaling by p, q, and r. The thick lines indicate the six line segment lengths that are used
in Eq. (22) to calculate the encoding error. The products of the lengths of the three pairs of collinear segments are added together to give
the encoding error.
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4. ENCODING ERROR AND GEOMETRIC
INTERPRETATION
Encoding error provides information on the amount of
noise generated by encoding. Since it can be directly cal-
culated from the desired complex value ac , it can be used
to anticipate the quality of the encoding before actually
performing the encoding. Therefore pseudorandom en-
coding has the desirable property that it automatically in-
cludes error analysis with the encoding algorithm. In
this section the encoding error is evaluated for ternary
pseudorandom encoding.

Using Eqs. (10) and (12) in Eq. (4) gives the encoding
error for ternary pseudorandom encoding as

e 5 pua1u2 1 qua2u2 1 rua3u2 2 u pa1 1 qa2 1 ra3u2,

(18)

where the three possible modulation values for a pixel are
a1 , a2 , and a3 . Equation (18) can be rewritten as

e 5 ~ p 2 p2!a1
2 1 ~q 2 q2!a2

2 1 ~r 2 r2!a3
2

2 2pqa1a2 cos f12 2 2pra1a3 cos f13

2 2qra2a3 cos f23 , (19)

where ai is the magnitude of ai for i 5 1, 2, 3 and f i, j is
the angle between ai and aj for j 5 2, 3. (Note that in
this section the subscripts refer to one of the three pos-
sible modulation values for a pixel rather than to spatial
position of a pixel.) This result can be dramatically sim-
plified by repeated use of the law of cosines

li, j [ uai 2 aju2 5 ai
2 1 aj

2 2 2ai aj cos f ij (20)

and the use of

p 2 p2 5 pq 1 pr,

q 2 q2 5 pq 1 qr,

r 2 r2 5 pr 1 qr, (21)

which follows from Eq. (11). Using Eq. (20) three times
( for $i, j% 5 $1, 2%, $1,3%, $2, 3%) in Eq. (19) together with
Eqs. (21) gives the simplified expression for encoding er-
ror of

e 5 pql12
2 1 prl13

2 1 qrl23
2. (22)

This result is quite similar to Eq. (8), the encoding error
for binary encoding. Since ternary encoding reduces to
binary encoding for r 5 0, then Eq. (22) should also re-
duce to Eq. (8). Making the identification l [ l12 , we can
see that this is indeed the case. Likewise, when q 5 0 or
p 5 0, the encoding error is identical to the binary-
encoding error between a1 and a3 or a2 and a3 , respec-
tively. In general, for p, q, and r not equal to zero, each
of the three encoding error terms corresponds to the prod-
uct of a pair of lengths on the respective line segments
a1 –a2 , a1 –a3 , and a2 –a3 . To help visualize the lengths
that contribute to encoding error, Fig. 4(c) indicates the
lengths as thick lines.

5. DESIGN AND EVALUATION OF SPECIFIC
ALGORITHMS
Encoding algorithms for modulation characteristics of
any degree of quantization can be built up out of elemen-
tary ternary pseudorandom-encoding algorithms. There-
fore the analysis presented in Sections 3–5 can be special-
ized and applied to m-ary quantized modulation
characteristics. In this section we define specific
pseudorandom-encoding algorithms for three, four, and
five levels of quantization that each provide a circular en-
coding range around the origin of the complex plane.
The encoding error for each algorithm is evaluated, and
these results are compared with the encoding errors for
continuous phase-only and biamplitude phase modulation
characteristics. We also use the encoding error together
with measures of the desired complex-valued signal to de-
fine an estimate of SNR of the resulting diffraction pat-
tern. In Section 6 these specific algorithms are demon-
strated for a specified function, and the SNR’s of the
resulting diffraction patterns are compared with our esti-
mated SNR.

The specific pseudorandom-encoding algorithms evalu-
ated in the remainder of this paper are defined with the
help of Table 1. The ternary algorithm is defined to use
three modulation values that are equally spaced by 2p/3
rad around the unit circle. The m-ary 1 algorithm uses
four modulation values that are equally spaced by p/2
around the unit circle, and the m-ary 2 algorithm uses the
same four modulation values as those for m-ary 1, with
the addition of the value of zero. The m-ary 1 algorithm
is built up out of two ternary encoding algorithms. The
modulation values of $1, j,21% are used for desired com-
plex values that lie in the upper half of the complex plane,
and $1,2j,21% is used for encoding complex values that
lie in the lower half-plane. The m-ary 2 encoding algo-
rithm is composed of four ternary encoding algorithms
(listed in the third column of Table 1). Each of the four
ternary algorithms corresponds to encoding desired val-
ues in one quadrant of the complex plane.

To compare pseudorandom encoding for discrete modu-
lation characteristics with pseudorandom encoding for
continuous characteristics, we also consider encoding al-
gorithms for phase-only4 and biamplitude phase SLM’s.5

The biamplitude encoding algorithm is identical to that
Table 1. Defining Parameters and Metrics for Various Pseudorandom-Encoding Algorithms

SLM Type SLM Values Ternary Groups g e

Ternary 1, exp(6j 2p /3) $1, exp(6j 2p /3)% 1/2 1 2 ac
2

m-ary 1 61, 6j $1, j,21%, $1, 2j, 21% A1/2 1 2 ac
2

m-ary 2 0, 61, 6j $0, 61, j%, $0, 1, 6j% A1/2 p 1 q 2 ac
2

Phase-only exp( jc) — 1 1 2 ac
2

Biamplitude phase 0, exp( jc) — 1 ac 2 ac
2
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reported in Ref. 5. It can be viewed as binary pseudoran-
dom encoding (as described in Section 2) by using the two
modulation values of 0 and exp( jcc), where cc is the
phase of the desired complex value ac and the binary se-
lection between the two modulation values is controlled
by the probability p 5 ac . The encoding algorithm for
phase-only SLM’s used in this study is simpler than the
algorithm originally reported in Ref. 4. The new algo-
rithm is based on binary encoding between the two values
6exp( jcc). In this case the appropriate probability
needed to encode the amplitude ac is p 5 (1 1 ac)/2.

We choose to use this phase-only encoding algorithm
over the algorithm in Ref. 4 because it is somewhat sim-
pler to program. However, very similar results are an-
ticipated by either algorithm, since they both produce
identical levels of encoding error. This can be appreci-
ated by evaluating the encoding error with the use of Eq.
(4). This equation reduces to e 5 1 2 ac

2 for any phase-
only modulation.4,6 This is true for both continuous and
discrete phase-only modulation characteristics [as can
also be shown by evaluating Eq. (18)]. Therefore the
phase-only, ternary, and m-ary 1 algorithms all produce
identical encoding errors when the same amplitude is en-
coded. The encoding error for biamplitude phase modu-
lation, e 5 ac 2 ac

2, is given in Refs. 5 and 6. This re-
sult also follows from Eq. (8) if l 5 1 and ac 5 p, which is
the case for biamplitude encoding. For the m-ary 2 algo-
rithm, analysis of Eq. (4) or (18) by using any one of the
ternary groups (given in the third column of Table 1)
gives the encoding error e 5 p 1 q 2 ac

2. The encoding
error for each of the five algorithms is summarized in
Table 1.

Even though the three algorithms for phase-only SLM’s
produce identical encoding errors when the same value is
encoded, this does not mean that their performance is
identical. The reason is that the circular encoding range
[see Section 2 and Fig. 2(b)] is less for our discrete modu-
lation characteristics than it is for our continuous charac-
teristics. The scaling of the desired complex-valued func-
tion to fit within the maximum circular radius g of each
modulation characteristic can cause significant differ-
ences in the amount of encoding error for the various al-
gorithms. For the case of a SLM that produces M uni-
formly spaced phase-only modulation values around the
unit circle, the maximum circular radius can be expressed
as

gM 5 cos~p/M !. (23)

This result is determined by considering that the fully
complex encoding region intersects the chord connecting
nearest-neighbor modulation values at the half-angle
p/M between them. The values of g for our specific
encoding algorithms are listed in the fourth column of
Table 1.

For many pseudorandom algorithms, scaling the com-
plex values to be smaller than the maximum possible ra-
dius g reduces diffraction efficiency and increases SNR.6

It is also possible to combine pseudorandom encoding
with other algorithms, which permits the complex values
to be scaled to be larger than the maximum circular
radius.5 This can produce greater diffraction efficiencies
and higher SNR’s. Considering these additional two pos-
sibilities would needlessly complicate this study. In this
paper the fully complex values are scaled so that the
maximum amplitude for a given encoding algorithm is its
maximum circular radius g.

With this definition of the maximum circular encoding
range, it is now possible to make a comparative analysis
of the performance of each algorithm. Since the desired
fully complex function ac(x) is normalized so that its
maximum amplitude is g, it is appropriate to compare the
amplitudes ac1 /g1 and ac2 /g2 , where the subscripts 1
and 2 indicate the values of amplitude and maximum am-
plitude for two different algorithms. Since encoding er-
ror is proportional to intensity rather than amplitude, it
is appropriate to compare the normalized encoding errors
e1 /g1

2 and e2 /g2
2. Therefore, rather than describing the

absolute encoding error, this normalization presents the
error-to-signal ratio, or relative error, for the same value
encoded by two different algorithms. Relative error is
more informative of the fidelity of the diffraction patterns
resulting from pseudorandom encoding than is absolute
encoding error.

The encoding errors for the Table 1 algorithms are pre-
sented in this way in Fig. 5. Phase-only encoding always
produces larger encoding errors than biamplitude phase
encoding, as reported in Ref. 5. The m-ary 2 algorithm
produces a range of relative errors that are contained be-
tween the two m-ary 2 curves in Fig. 5. The lower curve
corresponds to the case where q 5 0, and the upper curve
corresponds to the case where p 5 q. Figure 5 shows
that the m-ary 2 algorithm always produces more relative
error than does biamplitude phase encoding but fre-
quently produces less relative error than does phase-only
encoding. If the desired complex-valued function ac(x)
has many more amplitudes that are less than 1/2, then
the total relative error produced by m-ary 2 encoding can
be substantially less than that for phase-only encoding.
Alternatively, if most of the desired complex values are
well above 1/2, then m-ary 2 encoding produces a total
relative error that is much greater than that for phase-
only encoding.

Fig. 5. Relative encoding errors for various pseudorandom-
encoding algorithms. The desired magnitude ac is normalized
by g, the maximum radius for the fully complex encoding range,
and the relative encoding error is erel 5 e/g2. The striped re-
gion gives all possible encoding errors for the m-ary 2 algorithm.
The phase-only curve also represents the relative encoding error
for pseudorandom encoding with M phase-only values that are
uniformly spaced in angle. In this case the plotted phase-only
curve is offset by tan2(p/M) [see Eq. (24)].



78 J. Opt. Soc. Am. A/Vol. 16, No. 1 /January 1999 R. W. Cohn and M. Duelli
The relative error curves for ternary and m-ary 1 en-
coding are identical to the relative error curve for phase-
only encoding, except that they are offset by amounts that
depend on the degree of quantization. This can be seen
by considering that for quantized phase-only modulation
characteristics for which there are M evenly spaced
modulation values on the unit circle, the relative error
can be written with the help of Eq. (23) as

erel [ eM /gM
2 5 1 1 tan2~p/M ! 2 ~ac /gM!2. (24)

For the maximum amplitude of ac 5 gM , Eq. (24) gives
the minimum relative error erel 5 tan2(p/M), and for the
minimum amplitude of ac 5 0, the relative error is erel
5 1 1 tan2(p/M). Between these limiting points the
curve has the identical quadratic dependence as that of
the relative error curve for the continuous phase-only
modulation characteristic. Therefore the quantized
characteristics produce additional relative error by the
amount tan2(p/M). For the ternary encoding this offset
is 3, or in other words, the relative error for ternary en-
coding is always larger by a value of 3 than that for
phase-only encoding. For m-ary 1 encoding the offset is
1. With increasingly fine quantization the relative error
curve approaches the phase-only curve. For instance,
the offset would be 0.17 for eight levels and 0.04 for 16
levels of quantization.

Despite the significant amount of relative error pro-
duced by ternary pseudorandom encoding, it is possible to
use this noisiest of pseudorandom algorithms to encode
many desired complex functions with good fidelity. The
key factor is that the spatial extent (i.e., the bandwidth B)
of the desired diffraction pattern is small enough that the
signal is sufficiently greater than the background noise
that is due to the sum of the encoding errors from each
pixel.

A simple analysis is presented to make this relation-
ship more apparent. Consider that a particular desired
function is pseudorandom encoded for an N-pixel SLM.
The average encoding error per pixel is ea , and the aver-
age intensity transmittance that is encoded is aca

2. The
total energy in the encoding error is then Nea , and the
total energy in the encoded signal is Naca

2. The encod-
ing error in the diffraction plane transforms into a white
spectrum over a bandwidth of N, whereas the desired sig-
nal has a designed bandwidth of B. Therefore the de-
sired diffraction pattern will have a directionality gain of
N/B over the spectrum of the encoding error. The SNR
can then be written for this approximate analysis as

SNR 5
N
B

aca
2

ea
. (25)

To appreciate this analysis better, consider the follow-
ing numerical example. For a 128 3 128-pixel phase-
only SLM (N 5 16,384), an average encoding error ea
5 0.9, a root-mean-square amplitude transmittance
aca

2 5 1 2 ea 5 0.32 ( from Table 1), and a desired
signal-to-noise ratio SNR > 100, Eq. (25) gives the result
that the bandwidth of the desired signal needs to be B
< 18.2. This analysis shows that even for pseudoran-
dom algorithms that produce the greatest encoding er-
rors, there are many diffraction patterns that can be suc-
cessfully encoded as long as the SNR is acceptably large
and the signal bandwidth is correspondingly low. The
trends predicted by Eq. (25) are evident in the computer
simulations and the experimental demonstrations that
are presented in Section 6.

Although fidelity of diffraction patterns is the focus of
this investigation, diffraction efficiency is probably the
most widely discussed metric. For this reason a few ba-
sic relationships are reviewed that relate diffraction effi-
ciency to SNR. In pseudorandom encoding, the diffrac-
tion efficiency has been shown to be identical to the
average intensity of the fully complex function that is to
be encoded.8 This is written as

h 5
1

N (
i51

N

aci
2 [ aca

2. (26)

Since, for a particular encoding method, the aci are scaled
so that the maximum amplitude equals the circular en-
coding radius g, it is clear from Eq. (26) that the diffrac-
tion efficiency is proportional to g2.6 Consequently, the
efficiencies of the five algorithms in Table 1 vary by a fac-
tor of 4.

For arbitrary modulation characteristics the average
intensity transmittance in Eq. (26) can be replaced by the
diffraction efficiency h, and for the specific case of phase-
only modulation Eq. (26) reduces to

SNR 5
N
B

h

1 2 h
. (27)

However, for the two modulation characteristics in Table
1 that also have a zero amplitude the denominator term
ea is less than 1 2 h, which increases the SNR over that
possible for the corresponding discrete or continuous
phase-only characteristic.

6. DEMONSTRATIONS OF TERNARY
ENCODING
A. Specification of the Desired Function To Be
Encoded
In this section the same desired function aci is encoded by
various algorithms, and the resulting simulated and ( for
some cases) experimentally measured diffraction patterns
are presented. The desired function is a 128 3 128 array
of complex values that has a Fourier transform that pro-
duces a 7 3 7 array of uniform-intensity diffraction-
limited spots. To better compare pseudorandom encod-
ing with known art, we relate our results to previously
published designs. Krackhardt et al. have reported the
highest possible diffraction efficiency designs for continu-
ous phase-only SLM’s.11 Our complex values are derived
from their design for a 1 3 7 spot array. Their Table III
specifies seven phases uk associated with seven equally
spaced spots. These phases are used to specify a desired
fully complex function of the form

ac~x, y ! 5 (
k52

8

exp~ juk!exp~ j2pkx !

3 (
l52

8

exp~ ju l!exp~ j2ply ! (28)
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that is rectangularly separable. This periodic function is
sampled to produce a 32 3 32-unit cell of complex values
and a 4 3 4 array of cells that form the 128 3 128 de-
sired complex values.

B. Definition of the Encoding Algorithms Used
These values are then encoded by each of the five algo-
rithms in Table 1. (Part of the encoding includes scaling
the desired complex values so that the largest amplitude
of the complex values is equal to the appropriate value of
g given in Table 1.) The resulting diffraction patterns
are compared and evaluated.

Equation (28) can also be interpreted as a desired fully
complex function for the study of Krackhardt et al. The
phases found through their global optimization of the dif-
fraction pattern specify a desired function that is then en-
coded onto continuous phase-only SLM’s by transforming
the desired fully complex function into the phase-only
function or kinoform12

a~x, y ! 5 exp$ j arg@ac~x, y !#%. (29)

This encoding is performed not only so that the desired
function can be implemented by a phase-only modulator
but also to maximize diffraction efficiency.13 The encod-
ing indicated in Eq. (29) is also applied to the 128 3 128
desired complex values, and the resulting diffraction pat-
tern is compared with those of the five pseudorandom al-
gorithms. We will refer to this algorithm as nonrandom
phase-only encoding to help distinguish it from pseudo-
random phase-only encoding.

Since the algorithms in which we are most interested
are for quantized SLM’s, we also quantize the phase to
three and four values of phase (uniformly spaced around
the unit circle) and evaluate the diffraction patterns for
these modified encodings. We refer to these algorithms
as nonrandom ternary and nonrandom m-ary 1, respec-
tively. It should be noted in Tables I and II of Ref. 11
that different values of the spot phases uk would lead to
maximum diffraction efficiency. However, this would re-
quire a new optimization to find the phases for each
modulator characteristic. Instead, in keeping with the
spirit of encoding the same complex function, we have
chosen to compare quantized pseudorandom encoding
with quantized versions of the maximum-efficiency, rect-
angularly separable design.

It is also possible to specify a nonrandom version of the
pseudorandom m-ary 2 algorithm. In this case a zero-
value modulation is selected if the desired complex value
is closer to zero than to the four other phase-only modu-
lation values. To compare the pseudorandom and non-
random m-ary 2 algorithms fairly, the desired complex
values aci are similarly scaled, so that the maximum am-
plitude encoded is g 5 A1/2. However, Juday has shown
that the quality of an encoding depends on the value of
g.5,14 For this reason we also perform an iterative search
to find the value of g that optimizes the performance mea-
sures that are of most interest to us. The optimum value
found in our simulations is g 5 1.3, which optimizes
signal-to-peak-noise ratio (SPR) and uniformity. Sub-
section 6.C defines these two and the other metrics of
interest.
C. Simulation Procedures and Definition of the
Performance Metrics
Two metrics, diffraction efficiency h and signal-to-noise
ratio SNR, are directly calculated from the desired com-
plex values aci for each of the five pseudorandom-
encoding algorithms. After aci is scaled by the appropri-
ate value g in Table 1, h is calculated by using Eq. (26)
and SNR is calculated by using Eq. (25). In these calcu-
lations we use N 5 1282 for the number of SLM pixels,
and, considering a diffraction-limited spot to have a
space–bandwidth product of 1, we use B 5 72 for the
space–bandwidth product of the desired signal. These
metrics that are based on theory are listed in parentheses
in Table 2 beside the values of SNR and h, which are cal-
culated directly from the simulated diffraction patterns.

The far-field diffracted intensity patterns are simu-
lated by fast-Fourier-transforming the encoded values ai
and then squaring the magnitude for each of the pseudo-
random and nonrandom encodings. For all metrics ex-
cept diffraction efficiency, the 128 3 128 array is placed
in a 512 3 512 array of zeros that is fast Fourier trans-
formed. The zero padding is used to resolve the features
of the diffraction pattern more finely and to produce more
realistic gray-scale images. For diffraction efficiency the
128 3 128 array is fast Fourier transformed directly.
For phase-only modulation ( for either pseudorandom or
nonrandom algorithms), the efficiency is simply the sum
of the intensities of the 49 spots divided by the sum of all
intensities in the 128 3 128 diffraction pattern. For the
other modulation characteristics that contain a zero
value, the energy absorption in the modulator plane also
needs to be accounted for.5 Therefore the ratio of desired
energy to total energy in the diffraction pattern is multi-
plied by the ratio of unit-amplitude pixels (i.e., ‘‘on’’ pix-
els) to the total number of pixels (i.e., number of on plus
off pixels). The SNR is the ratio of the average intensity
of the peak values of each of the 49 spots to the average
intensity of the 512 3 512 pattern, excluding the square

Table 2. Performance Measures of the
Pseudorandomly Encoded Desired Function

Pseudorandom h (%)a SNRb SPR n-unif (%)

Biamplitude phase 44 (44) 685 (710) 38 4
m-ary 2 22 (22) 197 (203) 15 10
Phase-only 43 (44) 254 (262) 17 10
m-ary 1 22 (22) 93 (94) 8 11
Ternary 11 (11) 40 (41) 3 20

a Numbers in parentheses are calculated from Eq. (26).
b Numbers in parentheses are calculated from Eq. (25).

Table 3. Performance Measures of the
Nonrandomly Encoded Desired Function

Nonrandom h (%) SNR SPR n-unif (%)

m-ary 2 (g 5 A1/2) 7 175 1 60
m-ary 2 (g 5 1.3) 68 961 5 11
Phase-only 92 1076 77 18
m-ary 1 75 1189 5 18
Ternary 63 376 1 18
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Fig. 6. [(a)–( f )] Simulated and [(g)–(i)] experimental gray-scale images of the diffraction pattern intensity resulting from various en-
coding algorithms. All encodings are pseudorandom except (a), which is nonrandom phase-only. The simulated pseudorandom encod-
ings are (b) biamplitude phase, (c) m-ary 2, (d) phase-only, (e) m-ary 1, and ( f ) ternary. The experimental pseudorandom encodings are
(g) phase-only, (h) m-ary 1, and (i) ternary.

Fig. 7. Simulated cross sections of the diffraction pattern intensity resulting from various encoding algorithms: (a) pseudorandom
encodings, (b) nonrandom encodings. Each cross section is along a diagonal that contains the (7,7) order (leftmost spot), the (1,1) order
(rightmost spot), and the optical axis (the rightmost side of the curve). For all the pseudorandom curves in (a) and the nonrandom
phase-only curve in (b), the cross sections are the intensity values from the diagonal ( from upper left to lower right) of the corresponding
gray-scale image in Fig. 6. The four other nonrandom encodings in (b) are plotted over an identical range.
region that contains the 7 3 7 spot array. The SPR is
the ratio of the average peak intensity of the spots to the
maximum noise peak outside the square region contain-
ing the spots. Nonuniformity of the peaks (abbreviated
in Tables 2 and 3 as n-unif ) is well characterized by the
standard deviation of the peak intensities of the 49 spots
divided by the average spot intensity. We present the
nonuniformity metric this way instead of as the maxi-
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mum peak-to-peak fluctuation of the spots because this
metric is less susceptible to the random variations that
occur for each new set of random numbers used in the en-
coding algorithm. We did observe that the peak-to-peak
fluctuations are 1.8–2.5 times greater than the values of
nonuniformity reported in Table 2 and below in Table 3.

D. Simulation Results
Figures 6(a)–6( f ) show the same portion of the 512
3 512 diffraction patterns for nonrandom phase-only en-
coding [Fig. 6(a)] and for each of the five pseudorandom
encodings [Figs. 6(b)–6( f )]. Figure 7(a) shows a cross
section of intensity pattern [along a diagonal slice con-
taining the optical axis and the (1, 1) and (7, 7) spots] for
the five pseudorandom-encoded patterns. Figure 7(b)
shows the corresponding cross sections for the nonrandom
encodings. The diagonal cross sections tend to accentu-
ate intensity fluctuations between the spots and to ex-
clude most of the sidelobes between the spots that are due
to the sinc-squared nature of the diffraction pattern of
each spot. The three patterns of Figs. 6(d)–6( f ) show in-
creasing levels of background speckle noise and nonuni-
formity of the spots. The pseudorandom biamplitude
phase encoding [Fig. 6(b)] appears to be free of speckle
noise, and the quantized biamplitude encoding [i.e., m-ary
2, Fig. 6(c)] appears to have a noise level that is indistin-
guishable from that of the phase-only encoding [Fig. 6(d)].
Although most of the cross sections in Fig. 7(a) are rea-
sonably uniform, it is clear that the ternary encoding is
the least uniform of the five pseudorandom encodings.
From the metrics in Table 2, it is possible to make the fol-
lowing observations about pseudorandom encoding:

1. Though not unexpected, Table 2 demonstrates that
as the quantization becomes coarser, the performance de-
creases. This observation also applies to comparisons be-
tween phase-only and biamplitude phase encoding.

2. The small observed differences between the gray-
scale images for the m-ary 2 [Fig. 6(c)] and phase-only
[Fig. 6(d)] encodings are borne out by the relative differ-
ences between their metrics in Table 2. The only signifi-
cant difference is in diffraction efficiency, which is not re-
flected in the gray-scale images.

3. The theoretical diffraction efficiency of Eq. (26) and
the SNR of Eq. (25) are in close agreement with the simu-
lated results.

4. The values of SNR are 12–18 times larger than
those of SPR. The much lower SPR is probably due in
large part to the background speckle noise being exponen-
tially distributed in intensity.15 The exponential pdf de-
creases to zero very slowly with increasing values of in-
tensity. There are also on the order of N 5 16,384 (the
number of pixels and also the space–bandwidth product
of the speckle noise pattern) independent noise samples
in the diffraction pattern. In 16,384 independent Ber-
noulli trials,16 there is a probability of approximately 50%
that the maximum value is 103 greater than the average
value of an exponential distribution, and there is a 10%
probability that the maximum value is 123 greater than
the average. This leads to the possibility of the
maximum-valued noise peak used to calculate SPR being
substantially larger than the average value of noise inten-
sity used to calculate SNR. However, since our maxi-
mum noise peaks always tend to be somewhat larger than
the 50th percentile, there appear to be other contributions
to the background that we have not been able to account
for.

The model is presented mainly to provide insight into
the noise properties of pseudorandom encoding. These
properties are noticeably different from those for nonran-
dom encoding, as we show presently.

The nonrandom-encoding algorithms can all be viewed
as a point-by-point nonlinear transformation of the de-
sired complex values. This type of nonlinearity usually
produces mixing products that appear as unwanted sum
and difference frequencies in the diffraction pattern and
as interference in the signal strengths of the desired
frequencies.2 The mixing products are not very evident
in the gray-scale image for nonrandom phase-only encod-
ing [Fig. 6(a)]. The interference, which perturbs the uni-
formity of the spot array, is evident in the intensity
curves for phase-only as well as for m-ary 1 and ternary
encodings in Fig. 7(b). The m-ary 2 (g 5 1.3) encoding is
the most uniform of the nonrandom encodings shown.
Some mixing products at frequencies other than for the
desired 7 3 7 spot positions are also apparent in all the
intensity curves except for the nonrandom phase-only en-
coding. However, the mixing products are significantly
larger away from the desired spot array, as shown in Fig.
8(a) for the nonrandom ternary encoding. The spot array
is designed to lie to the upper left of the optical axis,
which gives rise to the strong unwanted harmonics in the
lower right corner of the gray-scale image. All the other
nonrandom encodings are similar in that the noise is pri-
marily distributed in this same spatial pattern (though
with differing intensity levels).

Comparing the simulated nonrandom encodings with
pseudorandom encodings, we observe that the pseudoran-
dom encodings all have a speckle/noise pattern of the
same average intensity and visual texture over the entire
simulated diffraction pattern, as is shown in the close-up
views of Figs. 6(b)–6( f). The intensity cross sections for
the nonrandom encodings in Fig. 7(b) generally appear
less uniform than those for the corresponding pseudoran-
dom curves in Fig. 7(a). The background noise is much
more evident on the pseudorandom ternary encoding [Fig.
7(a)] than it is on the nonrandom ternary encoding [Fig.
7(b)]; however, the peak noise of the nonrandom encoding
[shown over a wider spatial extent in the cross section in
Fig. 8(a)] is significantly larger than the background noise
for pseudorandom encoding.

Table 3 provides more detailed information for compar-
ing the individual nonrandom-encoding algorithms with
each other and with the results in Table 2 for pseudoran-
dom encoding. The nonrandom diffraction efficiencies
are generally much higher than those for pseudorandom
encoding. However, the m-ary 2 (g 5 A1/2) encoding has
an extremely low diffraction efficiency. This is a direct
result of the small value of the maximum complex radius
g, which leads to most of the desired complex values being
closer to zero than to a unity magnitude point. This led
to our use of the m-ary 2 (g 5 1.3) encoding, which pro-
duces much more uniform spot arrays than does the non-
random phase-only encoding.
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Fig. 8. Delineation of nonlinear effects on encoding: (a) simulated and (b) experimental diffraction pattern intensity for nonrandom
ternary encoding, (c) experimental diffraction pattern for pseudorandom ternary encoding. These patterns show a larger view of the
diffraction pattern than those in Figs. 6 and 7. Each intensity cross section is along the diagonal of the corresponding gray-scale image.
In (a) and (b) the nonrandom ternary encoding produces mixing products, as evident in the lower left corner of each gray-scale image.
Although speckle noise is evident in this same region for pseudorandom ternary encoding [(c)], it is much lower in intensity than the
mixing products for (b). The saturated spot (centered on the optical axis) in (b) and (c) is primarily a result of the SLM cover glass not
being antireflection coated. The most severe effect of the SLM’s limited resolution is the appearance, to the lower left of the optical axis,
of a duplicate 7 3 7 spot array in (b) and (c).
For completeness Table 3 reports SNR. This number
has little practical use, since much of the noise energy ap-
pears in a relatively few noise spikes. This leads to the
ratio of SNR to SPR being greater than 100 for four of the
five nonrandom algorithms, with the one exception being
the maximum-efficiency, phase-only encoding.

The nonrandom phase-only encoding by far produced
the highest diffraction efficiency and SPR of any encoding
algorithm. In fact, so much energy is in the desired spots
that there is little energy left to contribute to noise.
However, the spot array is less uniform than for the pseu-
dorandom phase-only encoding. It should be noted that
Krackhardt et al. reported that by reoptimizing the de-
sign, it is possible to lower the diffraction efficiency some-
what, which results in a more uniform array of spots.11

Nonetheless, pseudorandom phase-only encoding pro-
duces reasonably uniform spot arrays and large values of
SPR, and it does this without the added computational ef-
fort of reoptimizing. This becomes clearer when it is
seen that the SPR of the quantized modulation character-
istics is much lower for nonrandom encoding (Table 3)
than it is for pseudorandom encoding (Table 2). This can
be interpreted that pseudorandom encoding is less se-
verely affected (i.e., it is more robust) than nonrandom
encoding by quantization effects. The results in Krack-
hardt et al. for binary modulation suggest that reoptimi-
zation would be needed for each new type of quantization
to minimize these effects. Even with its lower diffraction
efficiency, the pseudorandom encoding appears to produce
a more faithful reconstruction, with less computational
effort, than do the nonrandom encodings. Furthermore,
based on the studies in Ref. 5 on biamplitude encoding, it
appears likely that there is a way to blend random and
nonrandom algorithms for discrete-value modulation
such that by adjustment of the value of g (similar to our
optimization of nonrandom m-ary 2 encoding) the unifor-
mity and the SPR are improved over those possible with
either random or nonrandom encoding individually.
This iteration increases computation, but since only one
parameter is adjusted, the computation time should be
significantly less than that for the global optimization ap-
proaches used in, e.g., Refs. 3 and 11.

E. Procedures Used for the Experiments
We also have attempted to modulate a Hughes birefrin-
gent liquid-crystal light valve (set up in a phase-only
mode) with the encoded phase values. Cohn et al. previ-
ously reported experiments on phase-only encoding for
this light valve.15 The current setup differs from the pre-
vious setup in that (1) a 488-nm laser is now used in place
of a 633-nm laser, (2) the pixel array is now a 128
3 128 array instead of a 100 3 100 array [used for Fig.
3(c) in Ref. 15], and (3) the video signal that drives the
write light monitor (an Electrohome EDP58XL mono-
chrome monitor with a Hughes high-brightness red tube)
is now derived from a Coreco video display card (S3 chip
set) set to a resolution of 800 3 600 noninterlaced pixels.
Previously, a National Television System Committee
(NTSC) signal was the video source. As in Ref. 15, a
SLM pixel corresponds to three video lines or 3 3 3 pixels
from the video display card. We have characterized the
transfer function from gray-scale values in digital
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memory to the phase modulation of the light valve. With
the light valve drive voltage set to 27 V p.-p. (2 kHz) and
with proper adjustment of the brightness and the contrast
of the monitor, we have realized a nearly linear transfer
function in which a gray-scale value of 80 corresponds to
zero phase shift and a gray-scale value of 255 corresponds
to a phase shift of 2p. The monitor magnification is set
to minimum in the horizontal direction. The monitor is
reimaged with a 1.93 reduction onto the write side of the
light valve. The resulting image is 21 mm 3 21 mm,
which we have determined to be the maximum input ap-
erture size that allows us to produce diffraction-limited
optical Fourier transforms. This area is illuminated on
the read side of the light valve with the light polarized
along the extraordinary axis of the liquid crystal. The
beam converges to a focal point approximately 2 m from
the light valve. A 2033 3 2044-pixel cooled CCD camera
placed at the focal point records the resulting diffraction
patterns.

F. Experimental Results
Figures 6(g), 6(h), and 6(i) show the diffraction patterns
for pseudorandom phase-only, m-ary 1, and ternary en-
coding, respectively. The images differ from the simu-
lated patterns in Figs. 6(d), 6(e), and 6( f ), respectively, in
that there is a bright spot centered on the optical axis
(lower right corner of each image) and that the intensity
rolls off/decreases with distance from the optical axis.
The bright spot is due primarily to the cover glass of the
light valve not being antireflection coated. The roll-off is
due to the limited spatial frequency response of the phase
of the SLM. The filtering of the phase also produces non-
linear mixing products that contribute energy to the on-
axis spot and to an unwanted mirror image of the desired
7 3 7 spot to the lower left of the optical axis in Figs. 8(b)
and 8(c). By comparison of Figs. 8(a)–8(c), it can be seen
that nonrandom encoding itself produces strong nonlinear
mixing products at a few frequencies [at the lower right of
Figs. 8(a) and 8(b)]. Instead of producing mixing orders,
pseudorandom encoding [Fig. 8(c)] produces an average
low level of speckle noise over the entire spatial extent of
the diffraction pattern. For either nonrandom- or
pseudorandom-encoding experiments, additional nonlin-
ear terms (the mirror images) are present in Figs. 8(b)
and 8(c) as a result of the limited phase resolution of the
SLM. This distortion, which is due to the limitations of
the SLM rather than the encoding method, makes it dif-
ficult to make meaningful comparisons between simula-
tion and experiment. Nonetheless, qualitative agree-
ment between Figs. 6(c) and 6(g), 6(d) and 6(h), and 6(e)
and 6(i) is seen in that the noise level increases as the
quantization becomes coarser.

Potentially much closer agreement between theory and
experiment is anticipated by using electrically addressed
SLM’s. Most of the current devices have individually de-
fined electrodes for each pixel, which would minimize
resolution loss that is due to electrostatic fringing fields
across the liquid-crystal layer. These SLM’s are avail-
able only as research-grade or custom devices. In our
case this has led to significant delays in obtaining a fully
functional device. We have previously observed very
close agreement between simulation and theory for pseu-
dorandom phase-only encoded designs that were imple-
mented as diffractive optical elements.17,18 These results
assure us that given an adequately ideal phase-only (or
coupled amplitude–phase) SLM, it would be possible to
encode fully complex functions, even if the SLM is capable
of producing only a few discrete levels of modulation.

7. SUMMARY
In this paper we have derived a statistically based algo-
rithm that with as few as three discrete modulator values
encodes a desired complex value to a single pixel in an av-
erage sense. This pseudorandom ternary algorithm can
be applied directly to SLM’s that produce only three val-
ues. For SLM’s that produce several discrete values,
multiple groups of three values can be used to subdivide
the complex plane into smaller areas that are ternary en-
coded, which consequently produces smaller amounts of
encoding error. The effect of quantization on pseudoran-
dom encoding is well characterized in a simple model of
SNR that depends on only four parameters: two that de-
pend on the signal to be encoded (signal bandwidth and
signal diffraction efficiency), one that depends on the
modulator characteristic (number of SLM pixels), and one
(average encoding error per pixel) that depends on both
the signal to be encoded and the modulator characteristic
curve. We demonstrated in our simulations that this
metric accurately describes the SNR of spot array genera-
tors.

To better appreciate the performance of pseudorandom-
encoding algorithms, we have compared these algorithms
with currently used algorithms in which a desired fully
complex function is mapped into modulation values in a
systematic and nonrandom way. This function (selected
by a global optimization procedure), when mapped to a
continuous, phase-only modulation characteristic, pro-
duces a diffraction pattern that has the highest diffrac-
tion efficiency and the highest SPR of all encoding algo-
rithms studied herein. However, it is less uniform than
four of the five pseudorandom algorithms. Furthermore,
the SPR of the nonrandom algorithms becomes much
worse than that of the pseudorandom algorithms that use
similarly quantized modulation characteristics.

Even though the pseudorandom algorithms are less dif-
fraction efficient than nonrandom algorithms, these re-
sults nonetheless indicate that pseudorandom algorithms
offer significant advantages in terms of fidelity of the dif-
fraction pattern. The advantages of complex-valued en-
coding techniques, despite their lower diffraction efficien-
cies, are further amplified by Kettunen et al.19 These
advantages, coupled with the low computational overhead
of the encoding algorithm and its ability to place a signal
anywhere in the available space–bandwidth product of
the SLM, make it especially useful for today’s low-pixel-
count SLM’s. We have also observed that the perfor-
mance advantages of pseudorandom encoding over non-
random encoding are even more pronounced when it is
not possible to maximize the diffraction efficiency of the
desired fully complex function, such as in many real-time
and time-critical applications.
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ERRATA

Ternary pseudorandom encoding of Fourier
transform holograms: errata

Robert W. Cohn and Markus Duelli

The ElectroOptics Research Institute, University of Louisville, Louisville, Kentucky 40292

[S0740-3232(99)01405-2]
OCIS codes: 230.6120, 090.1760, 030.6600, 070.0070.
Owing to the printing process the gray-level values below
60 (out of 256 levels) appear as black in Figs. 6 and 8 of
Ref. 1. This makes it difficult in Fig. 8 to delineate be-
tween nonlinear effects of encoding and of the SLM. Fig-
ure 8 is reproduced here on a glossy paper and with the
gray scale scaled by a factor of 2 (and also clipped for gray
levels above 255). The inherent nonlinearity in nonran-
dom encoding produces large undesired diffraction orders
that appear in the lower right corner of Fig. 8(a). Apply-
ing this encoding to a low-resolution phase-only light
valve produces additional diffraction orders, including a
bright spot on the optical axis and a set of orders at mir-
ror locations to the desired spot array, as shown in Fig.
8(b). Applying ternary pseudorandom encoding to the
same modulator produces the pattern in Fig. 8(c). This
figure does not contain the undesired orders that are as-
0740-3232/99/051089-02$15.00 ©
sociated with the nonrandom algorithm of Fig. 8(a) but in-
stead has a broadly spread, low-level background of
speckle. Figure 6(i) in Ref. 1 is a closeup of Fig. 8(c). The
speckle level is higher in Fig. 6(i) for three levels of quan-
tization than in Fig. 6(h) for four levels of quantization.
Figure 6(g) for five levels of quantization has an even
lower level of speckle background. The corresponding
Figs. 6(d)–6(i) for the simulated encodings show the same
trends in background speckle levels. Readers who wish to
view a version of Fig. 6 that has higher dynamic range
can download the electronic version of the paper from
JOSA A online or contact the authors for reprints.

The performance measures for phase-only nonrandom
encoding were incorrectly reported in Table 3. The
signal-to-noise ratio (SNR) was too small and the signal-
to-peak-noise ratio (SPR) was too large. The correct
Fig. 8. Delineation of nonlinear effects on encoding: (a) simulated and (b) experimental diffraction pattern intensity for nonrandom
ternary encoding, (c) experimental diffraction pattern for pseudorandom ternary encoding. These patterns show a larger view of the
diffraction pattern than those in Figs. 6 and 7. Each intensity cross section is along the diagonal of the corresponding gray-scale image.
In (a) and (b) the nonrandom ternary encoding produces mixing products, as evident in the lower left corner of each gray-scale image.
Although speckle noise is evident in this same region for pseudorandom ternary encoding [(c)], it is much lower in intensity than the
mixing products for (b). The saturated spot (centered on the optical axis) in (b) and (c) is primarily a result of the SLM cover glass not
being antireflection coated. The most severe effect of the SLM’s limited resolution is the appearance, to the lower left of the optical axis,
of a duplicate 7 3 7 spot array in (b) and (c).
1999 Optical Society of America
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numbers are SNR 5 5400 and SPR 5 17. This indicates
that the phase-only pseudorandom encoding also pro-
duces a more faithful reconstruction than the nonrandom
encoding since each encoding has identical SPR but the
nonuniformity of the spot array for pseudorandom encod-
ing is nearly half of that for nonrandom encoding.
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