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Representations of fully complex functions 
on real-time spatial light modulators 

Robert W. Cohn and Laurence G. Hassebrook 

"0 tempora, o mores!" 
Cicero, Orations 

"The medium is the message." 
Marshall McLuhan, Understanding Media: The Extensions of Man 

15.1 Introduction 

Today, a majority of the approaches to optical pattern recognition involve coherent optical 
correlators that use real-time, electrically addressed spatial light modulators (SLM's) in both 
the input and the filter planes (as illustrated in Fig. 15 .1.) These devices differ dramatically 
from the medium, photographic film, that was used in the original VanderLugt correlator 
[1]. Today SLM's operate at from video frame rates [30 frames per second (fps)] to up 
to 10,000 fps, as opposed to film, which is cumbersome to develop in place. Electrically 
addressable SLM's have resolutions (i.e., spatial bandwidths) of 104 to 106 pixels whereas 
holographic film can easily have a resolution of 109 • The modulation characteristics can be 
quite varied as well. Originally VanderLugt used film that produced only intensity variations. 
SLM's of interest are generally thought of as phase-only or amplitude-only [as illustrated 
in Fig. 15.2(a)]. In practice, devices are found to have coupling between amplitude and 
phase [as shown in Fig. 15.2(b)] [2--4]. This has led to the term coupled-amplitude-phase 
modulation, with special cases being amplitude-mostly and phase-mostly. SLM's may also 
be limited in that not all phase values between 0 and 2n or all amplitude values between zero 
and unity can be obtained. SLM's that can achieve only a finite number oflevels are limited 
in the sense that the phase or amplitude is quantized [see Figs. 15.2(c) and 15.2(d)]. These 
differences between the earlier fixed-pattern SLM's and today's real-time programmable 
SLM's challenge our assumptions and lead us to consider new approaches to representing 
information in optical processors. 

Thus a major consideration in the realization of optical processing systems is how to 
represent complex values with limited-range SLM's. The discussion in the literature of 
these issues is pervasive, but in only a few publications is complex-valued representation 
the central topic. Our goal is to review optoelectronic processor developments with a par
ticular focus on complex representations. These considerations are essential in light of the 
rapid advances in SLM's, their applications, and in related innovations in the design and 
fabrication of diffractive optics and computer-generated holograms. 

396 

Visual 
Environ 

Fig. 15.1. DJ>to4 
plete mixed~ 
making, the sysf4j 
the optical corre~ 

(a) 

(c) 

·····~ 
"~ 

Fig. 15.2. 0perJ 
phase-only and i4i 
tinuous phase rd 
biamplitude-p~ 

A recurring the_:~ 
sent desired comp::J 
computer-assisted prc4 
possible with re~~tiriii 
The gap can be stzabtl 
of the current researod 
such improvements el 



;functions 
rulators 

mok 

Cicero, Orations 

Extensions of Man 

1 involve coherent optical 
>dulators (SLM's) in both 
wices differ dramatically 
al VanderLugt correlator 
:per second (fps)] to up 
lop in place. Electrically 
04 to 106 pixels whereas 
ion characteristics can be 
only intensity variations. 
itude-only [as illustrated 
between amplitude and 

:oupled-amplitude-phase 
-mostly. SLM's may also 
tude values between zero 
nber oflevels are limited 
.2(c) and 15.2(d)]. These 
real-time programmable 
proaches to representing 

ssing systems is how to 
;sion in the literature of 
ex-valued representation 
levelopments with a par
e essential in light of the 
·ations in the design and 
IS. 

Visual 
Environment 

15.1 Introduction 

.... ca.·.·.·_ .... , 

Fig. 15 .1. Optoelectronic correlator. The optical correlator is a coprocessor in the com
plete mixed analog-digital processor. In addition to high-level inferences and decision 
making, the system supervisor coordinates, controls, and processes data into and out of 
the optical correlator. 

lm lm 

(a) (b) 

lm lm 

•= • • . ~ . 
. ................. ! .................... Re Re . : . 

• (c) •= • (d) 

Fig. 15.2. Operating characteristics of SLM's. The modulation types shown are (a) 
phase-only and amplitude-only (thick line), (b) coupled-amplitude-phase that has con
tinuous phase ranges of 2JT (solid curve) and 4JT (dashed curve), (c) quantized, (d) 
biamplitude-phase that specifically shows amplitudes of unity and zero. 
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A recurring theme throughout this chapter is the trade-off between the ability to repre
sent desired complex functions as accurately as possible and what is possible in real-time 
computer-assisted processors. We show that there is currently a gap between the performance 
possible with real-time processors and what has been achieved with off-line optimization. 
The gap can be sizable for representations of complex-valued composite functions. Much 
of the current research reported here is directed at reducing this gap. We also consider how 
such improvements can enhance the capabilities of optoelectronic processors. 
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This chapter is organized into three sections: early methods of representing complex
valued modulation, methods of representation suited to current SLM's, and a discussion of 
the interplay between optical processor functionality and the ability to represent complex 
values. 

15.2 Early methods of complex-valued representation 

15.2.1 Holographic encoding 

The intimate dependence of the representation on the target modulator can be appreciated 
by a comparison of the original VanderLugt optical correlator with current SLM-based 
optoelectronic correlators. Consider the problem solved by the VanderLugt correlator: An 
object can be identified in the input scene through linear optical filtering. The frequency
plane filter is generally complex-valued but the frequency-plane modulator varies in only 
its amplitude transmittance. (Throughout we define amplitude as meaning real positive 
values. For arbitrary modulation we use the term complex amplitude.) The limitation of 
the amplitude-only filter plane was overcome by a holographic recording of the complex
conjugate Fourier spectrum of the object to be recognized. This solution is acceptable for film 
correlators because the spatial bandwidth of the holographic filter is still very high after one 
accounts for the bandwidth needed to spatially separate the convolution and autocorrelation 
terms that also appear in the output plane of the correlator. 

Consider implementing a holographic filter on an amplitude-only SLM, that is, the SLM 
transmittance is programmed to realize the same real-valued intensity function that is pro
duced by the interference of a reference wave front with the object spectrum. This math
ematical procedure is referred to as holographic encoding, in order to distinguish it from 
holographic recording. For purposes of focusing on complex representations, we specifi
cally discuss the bandwidth requirements needed to separate the filter reconstruction (i.e., 
the impulse response of the matched filter) from the other components (rather than sep
arating the cross correlation). See Ref. 5 for further discussion on bandwidth restrictions 
for both correlators and holographic reconstruction. Throughout this discussion we assume 
that the SLM is an n x n array of pixels that are equally spaced by the identical increment 
!':!.in both x andy. The reconstruction from this discretely sampled SLM produces periodic 
replicas that extend over a square area of bandwidth, 

(15.1) 

where Bx =By= 1/ !':!.[see Fig. 15.3(a)]. We often refer to Bas thenonredundantbandwidth 
of the modulator. If the desired reconstruction (i.e., the impulse response) is b units long by b 
units wide, then the on-axis term will be 2b x 2b (because of autocorrelation of the impulse 
response with itself) and the conjugate impulse response will be b x b. Figure 15.3(b) 
illustrates this condition for the case in which the usable filter bandwidth is maximized. In 
this case the usable bandwidth of the SLM is B I 16, that is, the SLM is only as effective 
as an n/4 x nj4 pixel SLM that does not require holographic encoding. Because of the 
already limited resolution of SLM's, this loss in effective resolution would seriously reduce 
the effective digital computation rate of optical Fourier transformers. The usable bandwidth 
can be increased (say, if more bandwidth is allowed in y than in x) but it may be less 
than desirable to work with nonsquare or variable-resolution SLM's (as well as imagers 
and framegrabbers ). Therefore we conclude that holographic encoding in most applications 
uses only a small fraction of the bandwidth of the SLM. 
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Fig. 15.3. Available spatial bandwidth of SLM's and usable spatial bandwidth (shaded 
regions) of various encoding algorithms. The plots are shown in the Fourier-transform or 
reconstruction plane ofthe SLM: (a) The available spatial bandwidth B of ann x n pixel 
array of pitch !:,. in both x andy. (b) The usable spatial bandwidth B / 16 of holographic 
encoding for the SLM in (a) under the typical design constraint that the usable portion of 
the reconstruction has a square aspect. (c) The usable bandwidth B /9 for Burckhardt's 
method and under the same design constraint as that of (b). (d) The usable bandwidth 
B /4 for Florence-Juday's method I and also method 2 when the superpixel is arranged 
as a 2 x 2 pixel array. 

15.2.2 Detour-phase-encoding methods 

399 

Consider another class of encoding algorithms specifically referred to as detour-phase 
computer-generated holography [6]. The methods as originally described by Brown and 
Lohmann are designed for binary amplitude modulation. The complex amplitude of any 
given cell (i.e., a cluster of elemental pixels or a superpixel) is effectively achieved by use 
of the clear area of each pixel to represent amplitude and the position of the clear area to 
represent phase. Fine control over phase and amplitude requires a resolution much higher 
than the cell; thus this method has a usable bandwidth that is much less than that set by the 
resolution of the modulator. If the amplitude of the modulator can be continuously varied, 
then a complex-valued modulation can be constructed with four [7] or even three pixels 
[8]. Thus the usable bandwidth would be B x /3 in one direction, which gives B /9 total 
usable bandwidth for a SLM that is a square array of pixels and under our assumption that 
the reconstruction is square [see Fig. 15.3(c)]. However, it can be argued that the usable 
bandwidth is even less. 

Consider Burckhardt's method [8] in which three adjacent pixels are used to represent 
one complex value. The transmittance is written as 

a(x) = br(x) + cr(x + .0.) + dr(x + 2.0.), (15.2) 

where r(x) is a function (such as a rect) that describes the subaperture of a pixel (identical 
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for each pixel), ~ is the pitch of the pixels, and b, c, and d are real positive amplitude 
transmittances of the pixels. The Fourier transform of this superpixel is 

ACfx) = RCfx)[b + c exp(j2nfx~) + d exp(j4nfx~)], (15.3) 

where the uppercase symbols indicate Fourier-transformed variables. The Fourier transform 
of the subaperture function R is slowly varying with spatial frequency fx and is usually 
ignored. For~= lj(3j0), Eq. (15.3) can be approximated as 

A(fo) ::::: b + c exp(j2n /3) + d exp(j4n /3). (15.4) 

Thus at the frequency fo = 1/(3~) = Bx/3, any complex value can be produced by the 
selection of the three weighting coefficients b, c, and d. This value is used as the design value 
for purposes of encoding. However, the complex value is actually frequency dependent, and 
its value can change dramatically across the nonredundant bandwidth Bx/3. The magnitude 
oftheproblemcanbeshownbyasimpleexample.Ifb = c = lj2andd = O,thenEq.(l5.3) 
for all frequencies is 

(
nfx) ( nfx) ACfx)::::: cos 
310 

exp j 
310 

, (15.5) 

where the element factor R has been dropped to simplify discussion. Figure 15.4(a) is a 
graphical construction of the results of relations (15.4) and (15.5). The designed value at fo 
is A(/0) = 0.5L60°. This is illustrated in Fig. 15.4(a) as a result of adding the two phasors 
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Fig. 15.4. Frequency dependence of various detour-phase-encoding algorithms for (a) 
Burckhardt's method, (b) Florence-Juday (method 1 only), (c) Florence-Juday (method 
1 or 2), (d) Lee's method and also Florence-Juday method 2 when the superpixel is 
arranged as a 4 x 1 pixel array. The frequency-dependent complex amplitude is repre
sented by the circular arc (solid curve). The desired complex value is the intersection 
of the two dotted lines [in (a) and (d) only]. The length of the arc corresponds to the 
values that would be found across the range of spatial frequencies b in the usable band 
(the shaded regions in Fig. 15.3). 
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together. Also illustrated is the solid circular arc that describes the locus of the complex 
values over the entire nonredundant bandwidth Bx/3. This shows that the complex values 
vary from 0.866L30° to OL90° over the nonredundant band from fo/2 to 3f0 f2. Thus the 
approximation is very poor at the edges of the band. Depending on the accuracy required, 
it may be necessary to reduce the usable bandwidth further . 

Two methods of encoding complex values that are similar to detour-phase methods were 
introduced by Florence and Juday [9]. Their approach is based on the use of either a phase
only modulator or the use of amplitude modulators that are overlayed with a four-phase-level 
diffractive optic. These methods have an advantage in that the reconstruction is centered on 
the optical axis. They are implemented with either two pixels or a 2 x 2 array of pixels, thus 
resulting in a usable (square) bandwidth of B /4 [see Fig. 15.3(d)]. The increased bandwidth 
is offset by the increased frequency sensitivity of the effective complex modulation of the 
superpixels. The first method defines the modulation of the superpixel as 

a(x) = r(x) exp(j¢b) + r(x + /:i) exp(j</Jc), (15.6) 

where <Pb and <Pc can be programmed to any desired phase over a 2n range. The modulation 
for the second method is 

a(x) = br(x) + cr(x + /:i)exp(jn/2) + dr(x + 2/:i)exp(jn) + er(x + 3/:i)exp(j3n/2), 

(15.7) 

where each pixel is programmed in amplitude and is offset by a fixed phase shift. Equation 
(15.7) is written in one dimension for convenience, but the effective modulation of the 
superpixel is identical if the pixels are arranged in a 2 x 2 array. The concept is also 
interesting in that it would also be possible to customize each diffractive optic to compensate 
for any deviations in ftatl)ess of the amplitude modulator. 

The effective complex modulation of Florence and Juday's first method is determined 
from the Fourier transform of Eq. (15.6) at fo = 0 to be 

A(O) 2 ( </Jb - </Jc) ( . </Jb - </Jc) = cos 
2 

exp 1 
2 

. (15.8) 

Thus the difference between the two phases determines the effective amplitude and the 
average of the phases determines the effective phase. The second method produces an 
effective complex modulation of 

A(O) = b- d + j(c- e). (15.9) 

We encode the desired complex value by first determining in which quadrant of the complex 
plane the desired value lies. This information is used to select either b or d and c or e to 
be nonzero. The amplitudes of the two nonzero transmittances are then set to produce the 
desired complex value. 

The usable spatial-frequency range is greater for Florence-Juday methods but, as a result, 
the frequency-dependent errors are increased. This can be shown by a comparison of the 
analysis of Burckhardt's method with the corresponding analysis ofFlorence-Juday meth
ods. Recall that there is a phasor associated with each pixel of the superpixel. The phasing 
between the phasors determines the effective amplitude. The locus of all possible phasings 
(for two phasors of amplitude 112) describes a circle of radius 112 centered at (112, 0) [see 
Fig. 15.4(b)]. The nonrepetitive bandwidth for a two-pixel superpixel is Bx/2. Over this 
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frequency range, one phasor can vary by n with respect to the other phasor. The resulting 
complex values [shown by the solid curve in Fig. 15.4(b)] cover half of the circular locus. 
Figure 15.4(b) specifically shows the result for the two phasors that are in phase at fo = 0 
(for either method 1 or 2). The encoded complex value is A(O) = uoo, but the amplitude 
varies from 0. 707 to 1 and the phase varies from -45° to 45o over the usable frequency 
range. A second example is given in Fig. 15.4(c), in which the valueO is encoded by method 
1. Once again the locus of complex values is contained in a goo range. However, the phase 
does not vary continuously. Instead it is contained between 45° and goo and -45° and _goo. 
Figure 15.4(d) shows the locus for method 2 if a 4 x 1 pixel array is used as a superpixel. 
This construction also describes Lee's delayed-sampling method [7]. 

It would be interesting to compare the effects of these frequency-dependent errors with 
other systematic errors (such as phase quantization). For example, with binary phase-only 
devices, it is common to use a single value of the phase to represent any complex value 
on half of the complex value. Thus localization to a quadrant by methods 1 and 2 may 
produce results at the band edges that are somewhat better than those obtained with binary 
phase-only modulators. We do not attempt these analyses here. 

Summarizing to this point, note that although holographic- and group-oriented encoding 
methods can be used to approximate desired complex values, the usable bandwidth never 
exceeds B /4 for typical square systems. Thus, even under the best conditions, a loss by 
a factor of 4 is a serious penalty when we are considering using real-time SLM's that are 
composed of a relatively small number of pixels. 

15.2.3 Multiple spatial light modulators 

Are there other approaches that can be used to encode complex information that use the 
bandwidth more efficiently? The answer is yes. One method is to combine modulators, 
either in cascade or in parallel [10-12]. The Florence-Juday method 1 algorithm can be 
implemented by the placement of one phase-only SLM in each arm of a Michelson inter
ferometer. In this implementation the complex coefficients are not frequency dependent. 
Juday and Florence note that any tilt between the two SLM's must be eliminated [10]. This 
system does use the bandwidth more efficiently; however, it does not use the full-bandwidth 
B. This comparison is based on considering that the two SLM's have a total of B pixels; 
this leads to a total usable bandwidth of B /2. The cost of additional optics and mechanical 
alignment further reduces the attractiveness of two-SLM approaches. 

15.3 Methods of representing complex values on current spatial light modulators 

15.3.1 Synthesis of Fourier transforms by use of time-integrated spectrum analyzers 

The methods described to this point are all designed for coherent spatial filtering operations. 
It is worth briefly considering time-integrating spectral analysis [13, 14] as a method of 
synthesizing a desired complex function [15, 16]. The approach interferometrically synthe
sizes all spatial frequencies of the input signal in sequence and time integrates them on a 
detector. Speeds in excess of video rates appear possible where acousto-optic Bragg cells 
and high-frame-rate cameras are used. The method is a hybrid optoelectronic approach in 
that the complex modulation exists as only an electronic or digital signal. For example, 
in an optoelectronic correlator [17], the spectrum synthesized by the processor would be 
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electronically multiplied by the reference spectrum, and then the product is used as the 
input signal to the processor. 

The basic concept can be shown by considering the Fourier transform of 

[a(t)J 1/
2 

{ ( v ) [j</>(t) jnn J s(x; t) = T 8 x + 2.t exp -
2

- + 4 

( v) [ j¢(t) jnn]} + 8 x- 2t exp --
2
-- 4 . (15.10) 

The function corresponds to two point sources that are counterpropagating in the x direction 
with a velocity of v /2. The parameter n is an integer that is used to add quadrature phase 
shifts to ¢(t). The need for this is explained below. The function a(t) exp[j¢(t)] is the 
temporal signal for which the Fourier transform is desired. The two impulses are Fourier 
tranformed by a lens to produce two plane waves that interfere with amplitude: 

S(fx; t) = [2a(t)] 1
/

2 cos[nfx vt + ¢(t)/2 + nn /4], (15.11) 

which is the Fourier transform of Eq. (15.10). The magnitude squared of Eq. (15.11) [fol
lowed by the standard trigonometric identity cos2 A = 1/2(1 +cos 2A)] gives the time
varying interference fringe 

I Ux; t) = a(t) + a(t) cos[2nfx vt + ¢(t) + nn /2]. (15.12) 

We assume that a(t) is a time-limited function of duration T. The time integration of 
Eq. (15.12) gives 

l(fx) = T(a(t)) + Re.F(a(t)exp{j[¢(t) + nn/2]})lf=vfx' (15.13) 

where the first term is written in terms of the time average of the amplitude and the second 
term contains the Fourier transform of the complex signal. For n = 0 the second term in 
Eq. (15.13) gives the real part of the Fourier transform A(vfx), and for n = 1 the second term 
gives the imaginary part of the transform. In practical implementations it may be desirable 
to suppress the first term by also forming the intensity patterns for n = 2 and n = -1 and 
subtracting them from the respective n = 0 and n = 1 intensity patterns. The integration 
function is simply achieved by the accumulation of the intensity patterns on a CCD imager 
for a period of time T followed by a readout of the image. 

The synthesizer can be implemented with the arrangement shown in Fig. 15.5. Crossed 
one-dimensional Bragg cells permit the synthesis of two-dimensional images. The ampli
tude and the phase shifts are produced by point modulators that precede the deflectors. The 
traveling point sources can be directly produced by a Bragg deflector. These spots would 
be observed at the focal point between the lens and the camera in Fig. 15.5. For a stationary 
spot, a cw signal is applied. The spot diameter depends on the length of the Bragg aperture 
that is illuminated by both the laser and the cw acoustic wave. The number of resolvable 
spots is determined by the time-bandwidth product (the delay of the cell multiplied by the 
bandwidth of the acoustic transducer). For example, when standard values for tellurium 
dioxide (Te02) Bragg cells are used, the slow shear wave velocity is v/2 = 620 rnls [18]. 
An 8-mm aperture gives a delay of 12.8 f.LS, a transducer bandwidth of 40 MHz, and a 
time-bandwidth product of 512. If the frequencies are input in random sequence, then each 
frequency must be allowed to fill the full aperture in sequence. This can result in a very slow 
frame rate. For example, if the synthesis of a 256 x 256 image is desired, then the aperture 
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Fig. 15.5. Time-integrated spectrum analyzer. The Fourier transform of the temporal 
signal a(t) exp[j¢(t)] appears as the time-integrated image recorded by the camera. The 
Fourier transform of the desired complex signal can be synthesized by either stepped 
or continuously chirped sinusoids for the functions zx(t) and Zy(t). The camera is in 
the image plane of the crossed Bragg cells. AM, amplitude-only point modulator; PM, 
phase-only point modulator. 

can be reduced to 6.4 JLS. (A small amount of time, which we ignore, is also required for 
shuttering the laser when the cell is filled.) This corresponds to only "'-'2.4 fps to synthesize 
the real or the imaginary part by Eq. (15.13). Two to four frames are required for synthe
sizing the entire complex image. Electromechanical x-y scanners can scan a field of this 
size at a rate of roughly 30 fps [ 19]. 

In comparison, much faster scanning is possible when the Bragg cells are driven with 
counterpropagating chirp signals. With a chirp signal the Bragg cell also produces a spot 
at the focal plane in Fig. 15.5. However, the spot now sweeps a raster line at a constant 
velocity. Spatial resolution approaching the time-bandwidth product is possible for sweep 
times of the order of the aperture delay of the cell. As with the cw synthesizer, the chirp 
synthesizer also images the phase modulation [20] of the Bragg cells onto the camera. An 
analysis that is similar to the above analysis is presented to show this result. The modulation 
produced by interfering the two waves is 

[
a(1)]'1

21 [ ( v )
2
] [j¢(1) jmr: J s(x; 1) = T exp jna x + 21 exp -

2
- + 4 

[ ( v )
2
] [ j¢(1) jnTCJ) + exp jna x- 21 exp --

2
-- 4 . (15.14) 

Repeating the algebraic steps used for analyzing the random-frequency addressing system 
gives 

l(x; t) = a(1) + a(1)cos[2naxv1 + ¢(1) + nnj2], 

/(x) = T(a(t)) + Re.F(a(1)exp{j[¢(1) + nnj2]})1J=avx· 

(15.15) 

(15.16) 

The intensity is written as a function of the x coordinate that is in the plane of the Bragg 
cell. With a 1 x imaging system, x can be replaced by fx, which shows that Eqs. (15.13) and 
(15.16) are essentially identical and that chirped Bragg modulations can be used in place 
of the cw modulation. 
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The advantage of the chirped method in terms of speed is decided. This can be shown 
by a comparison with the above example. Using the same Bragg cell as described in the 
example above, we consider the speed required for synthesizing A( a v fx ). In the architecture 
shown in Fig. 15.5, the amplitude and the phase modulation simultaneously illuminate a 
continuum of positions across the aperture of the Bragg cell. For this reason the chirp must 
fill the aperture and must be at least twice the time delay of the aperture to form the desired 
fringe. For the first Ta seconds, the chirp fills the aperture. Then, after the signal a(t) is 
gated on Ta more seconds, the function is gated off. For two-dimensional transforms the 
process is repeated for each line of the two-dimensional modulation. The bandwidth of the 
chirp is limited by the transducer of the Bragg cell to 40 MHz. Because the signal is applied 
for only half the sweep, the bandwidth used is 20 MHz and the full Bragg cell aperture of 
8 mm, or a Ta of 12.8 f.LS, is illuminated to obtain a resolution of 256. The sweep time is 
then 25.6 f.LS, which gives a frame rate of approximately 152 fps for a 256 x 256 image. 
Full complex transforms could then be synthesized at rates of 38 to 76 spectra per second, 
depending on whether two or four frames are used. CCD cameras that have frame rates in 
excess of 200 fps are commercially available [21]. 

In terms of speed and resolution, Bragg cell techniques compare favorably with direct 
video-addressed SLM's. However, the cost of Bragg cells and associated rf electronics can 
be substantially greater than those of SLM's that are video addressed. The usable bandwidth 
is controlled primarily by the time-bandwidth product of the cell and the number of time 
integrations required for synthesizing the complex function. This processor is the first that we 
have described that uses time-sharing or time-sequential operations to perform an operation. 
This reduces the effective temporal bandwidth, which is compensated for by the high 
bandwidth of rf systems. Differences between baseband/video electronics and rf electronics 
and between temporal and spatial information processing complicate comparisons between 
these approaches. Nonetheless, the Bragg cell synthesizer is an important approach for 
representing complex modulation, especially given the extremely high dynamic range and 
signal-to-noise ratio (SNR) demonstrated by acousto-optic processors [13-17]. 

All schemes for encoding complex-valued functions that have been described so far use 
less than the full spatial bandwidth of the SLM. For holographic methods, this bandwidth 
is B /9, for group-oriented-encoding methods the most usable bandwidth is B j4, and for 
the two-SLM interferometric approach the usable bandwidth is B /2. The time-integrating 
synthesizer, as shown in Fig. 15.5, contains several light modulators, both point and spatial. 
If we focus attention on only the SLM's (for which we consider a crossed pair to represent 
one SLM) there are two SLM's used, which reduces the bandwidth to B j2. Additionally, 
the two to four frames required for synthesizing a complex spectrum reduces the temporal 
bandwidth over that possible with SLM's that produce complex modulation in a single 
frame. Next we describe methods of encoding complex-valued functions that use the entire 
spatial bandwidth B and that perform this processing by programming the SLM with only 
one frame of data. 

15.3.2 Full-bandwidth methods of encoding: encoding by global optimization 

One general approach to encoding uses global optimization to produce a desired diffraction 
pattern. The modulation function for each pixel is varied until a solution meets the design 
constraints. Many successful designs have been developed with iterative techniques such 
as simulated annealing [22, 23], genetic [23, 24], and several other global optimization 
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algorithms. Excellent results in terms of diffraction efficiency, accuracy, and noise have 
been demonstrated for the design of fixed-pattern diffractive optics [25-29]. These are 
all time-consuming for applications that require encodings in real or even near real time. 
These approaches have also been adapted to encode composite pattern recognition filters 
to available modulators [30, 31]. Space does not permit a full discussion of these methods. 
However, an additional discussion of specific algorithms is presented as it relates to the 
possibility of achieving real-time encoding with global optimization. Also, we review some 
important general results on the properties of globally optimal encodings in Subsection 
15.3.4. 

15.3.3 Full-bandwidth methods of encoding: point-oriented encoding 

The approach that we are primarily interested in is point-oriented encoding. In contrast to 
global optimization, algorithms can be devised that run at real-time rates on serial electronic 
processors. These approaches are in keeping with the requirements of real-time optical 
and optoelectronic processors that typically can process serial video signals in real time, 
given that only a few numerical operations are required per pixel. For these point-oriented 
systems, the optical performance is not necessarily optimal. However, acceptable optical 
performance coupled with real-time operation would greatly enhance the flexibility and 
adaptability needed to use optoelectronic processors for real-time autonomous tasks. 

15.3.3.1 Carrier-based methods 

The term point-oriented encoding originally referred to various methods of modulating 
a spatial carrier of a fixed frequency. The earliest methods were designed for amplitude 
transparencies drawn by pen plotter. Dallas shows a basic method of modifying the pulse 
width and the pulse position of a square wave to achieve any desired complex modulation 
[32]. Another variant for phase-only modulators was developed by Kirk and Jones [33]. The 
effective complex modulation is understood in terms of Fourier series analysis. For example, 
in the Kirk and Jones method, a periodic carrier of spatiat'frequency fa is modulated in 
amplitude a and phase Vra· This signal is encoded as the phase-only function, 

a(x, y) = exp[jlfr(x, y)] = exp{j[a cos(2rrfox) + 1/ra(x, y)]}. (15.17) 

The Fourier series expansion of Eq. ( 15 .17) produces a component of complex amplitude 

(15.18) 

which will reconstruct on the zero diffraction order. The function lo(a) is the zero-order 
Bessel function. Thus ac is proportional to the complex amplitude of the de or zero-order 
far-field diffraction pattern. Any desired value of amplitude ac between 1 and 0 can be 
implemented when J0(a) is inverted to find the appropriate value of a. However, the method 
requires the carrier to have a spatial frequency in excess of the bandwidth of the complex 
modulation to avoid interference from the other diffraction orders. More importantly, if this 
method is applied to a spatial modulator that is composed of an array of pixels, at least two 
(and preferrably more) pixels are required for synthesizing one period of the carrier. Thus 
the method can be viewed as group oriented, in which a group consists of the amplitude 
multiplied by a period of the carrier. The method is point oriented in that each encoding 
can be calculated in sequence at each point with reference to only the complex amplitude 
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modulation at each point. We refer to these methods as carrier-based encoding to distinguish 
them from the more recent methods of point-oriented encoding that we discuss next. 

15.3.3.2 Pixel-based methods 

The first successful point-by-point-encoding method was probably the well-known phase
only matched spatial filter [34]. The desired fully complex function is the matched spatial 
filter H+(fx) = S*(fx), where S(fx) is the spectrum of the object that we design the filter 
to recognize. The phase-only filter is produced by the trivial encoding operation H 0(fx) = 
exp{j arg[S* Ux)]}. It is apparent that each pixel of the filter-plane SLM can be programmed 
indepei1dently of all others and that the full spatial bandwidth B is available for information 
processing. The encoding usually produces very good correlation peaks. In their initial 
paper, Homer and Gianino also generalized the meaning of the phase-only filter to include 
the phase-only encoding of composite recognition filters [34]. Shortly thereafter, Casasent 
and Rozzi showed that this nonlinear transformation of a complex-valued composite filter 
into a phase-only function severely degrades the performance of the filter for recognition 
tasks [35]. The nonlinear effects can be better appreciated by consideration of the effects 
on the Fourier-transform reconstruction of a phase-only composite function. A powerful 
demonstration is to phase-only encode the composite of two lens functions [36]. Davis 
and Cottrell showed that intermodulation can dramatically enhance stronger intensities and 
reduce weaker intensities in the reconstruction. Additionally, spurious peaks are formed 
at sum and difference frequencies. The observations of Casasent and Rozzi led to the 
development of optimization algorithms for compensating for the interactions between the 
individual functions in the composite filter [30, 31]. Although the phase-only filter has not 
been generally successful as a fast method of point-oriented encoding, it works quite well 
for noncomposite recognition. This is fortunate, in that several encoding algorithms have 
followed that extend the performance and the applicability of point-oriented encoding. 

15.3.3.3 Maximum correlation intensity matched filter 

The first major advancement after the introduction of the phase-only filter was the recogni
tion that the actual SLM's available are in general neither phase-only nor amplitude-only 
but coupled [2-4]. Typically amplitude is a function of phase. At this time both Juday [4] 
and Farn and Goodman [37] developed solutions to the problem of designing noncomposite 
correlation filters. The objective of their designs is to maximize the intensity of the corre
lation peak when the training image is placed in the input of the correlator. The intensity of 
the correlation peak can be maximized by maximization of the magnitude of each frequency 
component S(fx )H Ux ). Thus at each frequency the phase of the spectrum S(fx) should be 
conjugate to the phase of the filter and the filter magnitude should be as large as possible . 
(If the SLM could produce any value, then the filter magnitudes would be infinite.) 

When the modulation characteristic is coupled, as shown in Fig. 15.6, the analysis also 
reduces to a problem of maximizing the amplitude of each frequency component S(fx )H Ux) 
individually. In this case, ¢,the phase of S*Ux ), does not necessarily equal the phase of the 
optimal realizable filter H 0(fx). Instead, G(¢), the point on the complex-valued modulator 
characteristic that produces the largest amplitude in the direction of arg(S*), is selected [37]. 
As shown in Fig. 15.6, the component of H 0 in the direction of S* is H 0 cos(o¢), where 
8¢ is the phase angle between S* and H 0 = G(¢). Thus the intensity of the correlation 
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+ Desired complex value 

e Encoded complex value 

Fig. 15.6. Maximum correlation peak intensity and minimum Euclidean distance optic 
filter (MEDOF) encoding methods. The maximum intensity method (upper half of the 
complex plane) selects the point on the modulation ch'aracteristic that produces the 
largest amplitude component in the direction of the desired complex value. The arrow 
represents the projection onto the desired direction. The desired amplitude is infinite. The 
MEDOF-encoding method (lower half of the complex plane) maps the desired values 
to the closest point on the modulation characteristic. The dashed circle demonstrates for 
one point that the mapping is the closest possible. The maximum correlation method is 
a special case of MEDOF encoding. 

peak is not maximized by the selection the conjugate phase that is prescribed for a classical 
matched or inverse filter. The function G(¢) can be found for any modulator characteristic 
in advance of specifying the spectrum of the reference image. The desired complex filter 
H+ is rapidly encoded when the single function call H 0(fx) = G[arg(S*)] is performed 

for each frequency fx . 
In most recognition problems the phase of the correlation peak is not of concern. With 

a fully complex SLM, scaling the reference spectrum by exp(ja) has no effect on the 
correlation. This provides 1 degree of freedom that can be used to maximize the intensity of 
the correlation peak further. When this degree of freedom is used, the optimization problem 
can be generalized for a given spectrum S(fx) to find the value of a in G(¢ +a) such 
that the intensity of the correlation peak is maximum. For the maximum intensity filter, the 
magnitude of the correlation peak can be written as 

lc(O)I = f IS(fx)l · IG{arg[S*(fx)J + a}l dfx; a E [0, 2rr], (15.19) 

and the integral is performed for all values of a to find the value of a that maximizes the 
correlation. Fam and Goodman noted that Eq. (15.19) is a correlation integral [37]. He 
suggested that a fast way to perform the optimization over a is to sample G(¢) discretely at 
a small number of angles over the complex plane. This can lead to a small discrete (circular) 
convolution that can be rapidly evaluated with the fast Fourier transform (FFT). The values 
of S(fx) would also be discretized and sorted into appropriate phase bins. The correlation 
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peak amplitude lc(O)I would then be approximated as 
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(15.20) 

where ISb(¢;)1 is the sum of the magnitudes of SCfx) in the ith range of phases. For n, a 
small number, most of the numerical computation would involve the sorting from spatial 
frequencies fx to angles ¢;. 

It is quite conceivable that these numerical operations can be performed at real-time serial 
video rates. Consider that there are N pixels to be encoded and n phase bins. The sorting 
would require N ln2(n) comparisons if the search is done hierarchically starting from the 
most significant to the least significant phase bit. There would beN additions in the binning 
process and of the order of 4n ln2(n) multiplies (three FFT's and the multiplication of the 
FFf's of the magnitudes of Sb and G). Following the determination of a0 , the optimal 
value of aj, the SLM is programmed with the encoding algorithm H 0 Cfx) = G[arg(S*) + 
a 0 ]. This can be performed with N look-up-table operations. Consider the number of 
operations needed to perform the encoding algorithm with values of N = 256 x 256 and 
n = 64. At 30 fps, the generalized encoding algorithm requires approximately 12 million 
logical comparisons, 2 million additions and look-up-table operations, and 50,000 multiplies 
per second. This can be compared with commercially available, application-specific serial 
image processing chips from Sumitomo Metals that run at up to 50-MHz processing rates. 

15.3.3.4 Minimum Euclidean distance noncomposite filters 

Juday generalized the Farn and Goodman [37] and Juday [4] encoding method for non
composite correlation filters to filters that are optimal for a variety of metrics, including 
the SNR in the correlation plane, the peak-to-correlation energy, and a metric that con
tains both the SNR and the peak-to-correlation energy, called peak to total energy [38]. 
Juday showed that the earlier method of maximizing intensity is also a special case of 
his generalized method. The encoding procedure is referred to as the minimum Euclidean 
distance optimal filter (MEDOF). The MEDOF minimizes the sum of the distances be
tween the optimal fully complex filter H+ and the optimal realizable filter H 0 . Juday 
demonstrated that for noncomposite filters the correlation metric is usually the global maxi
mum. The method suggests a two-step search procedure similar to that ofF am and Goodman. 
The first step is to determine the point-by-point mapping function G(r, ¢) that minimizes 
the distance d(r, ¢)for any given complex value H = (r, ¢),where the ordered pair repre
sents magnitude and phase. The second step is to find the values of the 2 degrees of freedom 
of gain y and rotation a of the optimal filter function H+ that minimize the sum of the 
distances: 

(15.21) 

where distance is a real positive quantity. Note that, instead of scaling H+, it is convenient to 
incorporate these factors into the mapping function as G(yr, ¢+a) and the distance func
tion as d(yr, ¢+a). Because the distance function d can be precomputed and stored as a 
look-up table, it is possible to develop fast global searches by using a binning approach sim
ilar to that of Farn and Goodman in approximation (15.20). The result is a two-dimensional 
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convolution of the form 
n m 

dT(Yk; a1) ~ LL)i,j d(YkiHijl;argHij +a1), (15.22) 
i=l j=l 

where bi,j is the number of times a continuous value o~ H+ is discretized into the value 
Hij in the ith magnitude and jth phase bin. The analysis of the number of operations is 
identical to that for Farn and Goodman's method if the product nm replaces n. Obviously 
more operations are required for searching the larger two-dimensional space. Nonethe
less, it is still conceivable that the encoding algorithm can be completed in real time. As 
a numerical example, consider that the complex plane is discretized into n = 16 gains and 
m = 64 phases. At 30 fps, the number of operations would increase to 20 million logical 
comparisons and 1.2 million multiples per second. This calculation rate still appears rea
sonable in terms of commonly available electronics. Certainly, a designer can trade-off the 
resolution of the bins and the precision of the arithmetic in order to find the optimum more 
accurately or to complete the calculations more quickly. Of course, for the greatest speed 
the optimization step can be eliminated. Another approach for reducing digital computation 
would be available if the scene is varying slowly compared with the system frame rate. 
The optimization procedure could then be spread out over several frames. Alternatively, an 
approach could be applied in which the parameters y and a are adaptively adjusted based 
on observed changes in the correlation peak. This second approach is applicable when a 
correlator is being used for object tracking. If the adaptive approach is used in recognition 
and target acquistion, we question whether y and a might be adapted away from optimal 
so as to sharpen a false target. 

15.3.3.5 Minimum Euclidean distance composite filters 

Recently MEDOF approaches have been adapted and modified for encoding complex
valued composite functions, including composite recognition filters [39-41] and diffractive 
optic spot-array generators [ 42, 43]. Although these algorithms do apply the closest mapping 
step, there appear to be further developments required for approaching the performance 
possible with global optimization. Two issues requiring further study involve the use of the 
degrees of freedom available in many composite function designs and also in recognizing 
that mappings other than the closest mapping may sometimes optimize certain metrics of 
interest. 

One interesting development is the incorporation of the MEDOF into the iterative design 
of the synthetic discriminant function (SDF) filters by Montes-Usategui et al. [39]. This 
method appears to be a generalization to arbitrary modulation characteristics of Bahri and 
Kumar's successive forcing algorithm, which is designed for phase-only characteristics 
[44]. Both encoding methods are forms of projection-onto-constraints algorithms [45, 46] 
(the most widely known method is the Gerchberg-Saxton algorithm [47]). 

The Montes-U sategui method consists of two complementary projection operations H2 = 

PiHk+and Hk~l = pzHf, where Pi are the two projection operations and Hf is the MEDOF 
encoding (without optimization) of Hk+, a filter function that satisifies the SDF design 
equations [48]. These equations are 

ci(O) =I Si(fx)H+(fx) dfx; i = l, 2 ... M, (15.23) 

where Si represents theM training images and ci (0) are the correlation peak heights desired 
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for each training image. Equation (15.23) shows that the H+ usually is not unique because 
the frequency space is infinite dimensional and the correlation space is finite dimensional. 
For application on a frequency-plane SLM that has N pixels, the design equations are 
written as 

N 

C;(O) = L S;(j)H+(j); 
j=l 

i = 1,2· ··M, (15.24) 

where j represents frequency. Typically N is much greater than M. Thus, from the per
spective of linear algebra, the filter H+ and the spectra of each of the training images S; 
can be viewed as N -dimensional vectors and the set of the M values of c; can be viewed as 
an M-dimensional vector. The training vectors S; span (at most) an M-dimensional space. 
Therefore there is an N-M-dimensionallinear vector space that is orthogonal to the sub
space of the training vectors [49]. The SDF filter can be adjoined with any arbitrary vector 
from the orthogonal subspace and satisfy Eq. (15.24). Montes-Usategui et al. use these 
N-M degrees of freedoms to adapt the original SDF filter so that H+ satisfies Eq. (15.24) 
and the errors in encoding H+ are as small as possible. 

Their encoding algorithm is specified by the two projection operations p 1 and pz. The first 
operator performs the standard point-by-point MEDOF encoding H~ = G[IHk+i, arg(H:)] 
of the fully complex generalized SDF function H:, where G(·, ·)is the minimum distance 
mapping function. The second operator maps the encoded function H~ into a new general
ized SDF function Ht+-1 under the constraint that the total distance between H~ and Htt-I 
is as small as possible. The solution to this optimization problem is the SDF function added 
together with the vector component of H~ that lies in the subspace that is orthogonal to the 
space of the training images. Alternately repeating the two projection operations usually 
leads to a generalized SDF function that approaches the operating curve more closely with 
each iteration. In some cases the convergence of the solution process may stop; however, the 
solution never diverges in succeeding iterations. As with the generalized SDF, the resulting 
solution is not unique and depends strongly on the starting vector. Kumar and Carlson have 
also proposed a similar approach that includes a minimum distance mapping in each itera
tion [40]. Their metric includes terms for maximizing the filter energy. In passing, we note 
that the numerical requirements for iteratively computing the generalized SDF are substan
tially greater than the MEDOF algorithm applied to noncomposite filters. This is due to the 
iterative nature of the algorithms and the large numer of multiplications associated with the 
training images [39]. 

15.3.3.6 Pseudorandom encoding 

Another point-oriented-encoding method that uses the entire usable bandwidth of the SLM 
is the method of Cohn and Liang, which is referred to as pseudorandom encoding [50]. This 
method simply uses the average value of a random variable to represent the desired complex 
value. Thus, for a phase-only SLM, the random variable is the phase and the statistics of 
the phase are chosen so that the average value of the phase is the desired complex value. 
The method is extendable to many other types of modulation characteristics, including 
coupled-amplitude-phase modulators and biamplitude-phase modulators [42]. The ability 
to computer generate random variables that have the desired statistical properties provides 
the second degree of freedom needed to treat each pixel of the SLM individually and as if 
each is fully complex. 
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In methods involving randomness, noise is always of concern. However, in the pseudo
random-encoding method the noise level is ( 1) closely linked to the diffraction efficiency of 
the fully complex modulation, (2) reduced in the Fourier observation plane because of the 
natural averaging that occurs because of wave-front superposition, and, most importantly, 
(3) the noise that is generated is diffused to an average uniform level over the entire usable 
bandwidth B [50, 51]. The third observation is especially important compared with other 
systematic or deterministic methods (including the MEDOF) that tend to generate noise 
or spurious terms at harmonically related frequencies [36, 42, 52]. The harmonics usually 
do not appear at every frequency, i.e., they occupy a bandwidth less than B. As a result, 
it is often possible that pseudorandom encoding will produce peak noise levels that are 
substantially smaller than those for the deterministic methods. 

We present a few examples of the encoding procedure, followed by a comparison of how 
well pseudorandom and MEDOF methods encode a composite function. Rather than draw 
a hard distinction with MEDOF, the comparisons show that a blend of the methods often 
produces a performance that is substantially better than either alone. 

The theoretical background for pseudorandom encoding is presented in greatest detail in 
Ref. 50. Here we directly present, by way of example, specific encoding algorithms. The 
simplest example of encoding is for biamplitude-phase modulation (see Fig. 15.7). The 
desired complex modulation is ac = (ac, 1/lc) and the resulting modulation by the SLM 
is a = (a, 1/1 ), where the ordered pairs are the polar representations of the complex quan
tities and the modulations are functions of position. The pseudorandom-encoding design 
statement is used in general to select ac = (a), where 

(a)= j ap(a) da (15.25) 

is the ensemble average of the complex-valued random variable a and p(a) is the probabi
lity density function (pdf). The density function is selected by design and thus varies with 
position. 

Im 

+ Desired value 
• Encoded value 

Fig. 15.7. Pseudorandom-encoding methods. The biamplitude-phase-encoding method 
(upper half of the complex plane) randomly selects unity with a probability of p and 
zero with a probability of q = 1 - p. The dashed lines indicate the statistically possible 
alternative mappings of the desired complex values. The pseudorandom phase-only 
encoding method (lower half of the complex plane) randomly selects a value of phase 
over limits of spread v centered around the phase of the desired complex value. 
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Example 1: Pseudorandom-encoding for biamplitude-phase modulation [32]. For 
the specific case of the biamplitude modulator, any desired phase 1/J c can be directly produced 
by the modulator. Therefore we directly select 1/lc = 1/J. However, the amplitude of the 
modulator a = Ia I can be set to only either 1 or 0. Nonetheless, any amplitude between 1 
and 0 can be realized on average by proper selection of the pdf. Specifically consider the 
set of density functions for the binomial distribution 

p(a) = q8(a) + p8(a - 1); p = 1 - q E [0, 1], (15.26) 

where there is a probability p that the random variable takes on a value of 1 and a probability 
q = 1 - p that the random variable takes on the value of 0. Evaluating Eq. (15.25) with the 
pdf from Eq. (15.26) gives the well-known weighted average 

(a)= 1p+Oq = p. (15.27) 

This result provides a simple and direct formula for encoding any desired amplitude between 
Oand 1 asac = lacl = p. 

The encoding procedure uses the standard uniform random-number generator ran(iseed) 
that produces random numbers between 0 and 1. If the value of ran is less than p, then a is 
set to 1 and 1/1 is set to 1/Jc; otherwise, if ran is between p and 1 then a is set to zero. The 
procedure is applied in sequence to theN pixels of the SLM. At the ith pixel the threshold 
value p; is selected to equal the desired amplitude aci. The encoding algorithm is illustrated 
in Fig. 15.7. The modulator amplitude that is randomly selected is connected to the desired 
complex value by a solid line and the amplitude that is not selected is connected to the 
desired value by a dashed line. 

For any type of pseudorandom encoding the expected intensity of the diffraction pattern 
takes the general form [ 42, 50] 

(15.28) 

where Aci(fx) is the Fourier transform of the ith pixel located at position x; in the mod
ulator plane. Equation (15.28) shows that the observed intensity pattern consists of two 
components. The first term represents the desired diffraction pattern 

(15.29) 

where F[ ·] is the Fourier transform operator. The second term represents the average level 
of background (i.e., speckle) noise that is produced as a result of the random encoding. 
The noise energy is spread over an area of broad extent that corresponds to the diffraction 
pattern of the aperture of a single pixel. 

For the biamplitude-phase modulator (assuming that the pixels are point sources of 
infinitesimal extent) the expected intensity is [42] 

(15.30) 

It is clear that the second term describing the noise will be smaller if the desired amplitudes 
ac; are clustered near either 1 or 0, and this term will be larger if the amplitudes are clustered 
near 0.5. The level of the noise, as indicated by the second term ofEq. (15.30), indicates to 
what degree noise is affecting the accuracy of a design. Note that this term can be calculated 
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with a small number of operations from the desired values of the modulation and without 
performing FFf's. This metric can be used to decide in advance of encoding whether the 
encoding of a particular function will give acceptable results. For designs in which there 
are design freedoms, the metric also can provide guidance in selecting the function that 
encodes with optimal performance from a set of acceptable fully complex functions. 

Example 2: Pseudorandom encoding for phase-only modulation [50]. For phase
only SLM's the phase 1jJ is a random variable. The statistics of 1/1 are chosen so that the 
desired phase 1/lc = (1/1) and the amplitude ac = (exp[j(o/c- (1/1))]). Formulas are easily 
developed by specializing Eq. (15.25) to 

(a) = j p( 1/1) exp(j 1/1) do/ (15.31) 

for a phase-only modulator. The form of the expectation is essentially a Fourier transform 
or (from the field of probability and statistics) a characteristic function [53]. Average or 
effective amplitude control between 0 and 1 can be obtained by proper selection of a family 
of pdf's. A particularly useful family is the uniform family 

p('lj!; v) = ~rect( 1/1 -v (1/1)} v E [0, 2n]. (15.32) 

Evaluation of Eq. (15.31) by using the pdf's from Eq. (15.32) gives any desired complex 
value according to 

(a) = sine( v f2n) exp(j ( 1/1) ). (15.33) 

This leads to the direct method of encoding ac by performing the simple look-up-table 
operation, 

(15.34) 

and then, using a uniform random-number generator ran(iseed) of unity spread and zero 
mean, calculating the value of phase modulation: 

1/1 = (1/1) + v ran(iseed). (15.35) 

The expected value of 1/1 satisfies the pseudorandom-encoding design condition that ac = 
(a). The lower half of Fig. 15.7 illustrates the phase-only encoding algorithm. Note that the 
random spread v increases as the distance between the desired value and the phase-only 
curve increases. 

Example 3: Pseudorandom encoding for amplitude-coupled-phase modulators. One 
way to extend phase-only encoding to amplitude-phase modulators is to compensate for 
the amplitude weighting a( 1/1) in the amplitude-coupled modulation a = a( 1/1) exp(j 1/1 ). 
This approach produces encoding formulas that are similar in form to the ones for phase
only encoding. This method is especially useful for phase-mostly modulators for which the 
amplitude varies by a small amount as a function of phase. The amplitude compensation 
method turns out to be a type of histogram equalization procedure [54]. For the coupled 
modulators Eq. (15.25) takes the form of an amplitude-weighted average 

(a)= J a('lj!)p('lj!)exp(j'lj!)d'lj! = a0 exp(j'lj!0) (15.36) 
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of the complex exponential. As with Eq. (15.3), the randomness permits us to realize 
arbitrary values of amplitude and phase. However, because this new average is amplitude
weighted, 1/Fo is not equal to (1/F)(also a0 is not equal to (a)). There is also a coupling between 
the resulting amplitude and the phase in Eq. ( 15 .36) that requires a two-dimensional search if 
we were to use pdf's of the form of Eq. ( 15.3 2). However, the simultaneous two-dimensional 
search can be reduced to a sequential one-dimensional search by the selection of a family 
of pdf's p( 1/1) that compensate for the amplitude coupling a( 1/1 ). The effective pdf is of 
the form Peff( 1/1) <X a( 1/1) p( 1/1 ), where the correct scale factor ensures that the cumulative 
distribution function P( 1/1) has a total probability of 1 for 1/1 = oo. In order to encode the 
modulation, a random-number generator of density p( 1/1) is needed. It can be produced by 
transforming the uniform random variables E [0, 1] according to 

1/1 = p- 1(s), (15.37) 

which is the inverse of the distribution function. This method is illustrated by the develop
ment of two encoding formulas. 

Example 3a: Encoding for a prespecified amplitude coupling. An amplitude-coupling 
function of a modulator [see Fig. 15.3(b), dashed line] is linear with phase such that 

a(l/1) = ml/1 + b; 1/1 E [ -2Jr, 2n], (15.38) 

where m is the slope and b = a(O). The effective density function desired is a rect function 
similar in form to Eq. (15.32), having a spread v, and it is centered on the desired phase 
1/1 c = 1/lo such that 

Peff( 1/1) <X rect ( 1/1 ~ 1/lo ). 

For this case the family of pdf's that compensates for a( 1/1) is specifically 

p(l/1) = 1 [ln(l/Fo + vj2 + bjm)]-1 rect(l/1-1/Fo), 
1/l+b/m 1/lo-vf2+bjm v 

and the transformed random variable found with Eq. (15.37) is 

1/1 = (1/Fo + vj2 + b/mY _ bjm. 
(1/Fo- vj2 + bjm)'-1 

(15.39) 

(15.40) 

(15.41) 

Evaluating Eq. (15.36) with Eqs. (15.38) and (15.40) gives a closed-form expression for 
effective modulation: 

ac = (a) = mv [1n(l/Fo + v/
2 + bjm)]-

1 
sine(_::_) exp(jl/10). 

1/lo- vj2 + bjm 2n 
(15.42) 

Note that the compensation of the amplitude coupling also eliminated the bias drift between 
1/lo and 1/Fc· The spread needed to achieve the desired amplitude can now be found by a one
dimensional search over the spread v (for a fixed value of phase 1/10 .) Also note that, by the 
selection of the pdf's to compensate for the amplitude coupling, Eq. (15.42) is similar in 
form to Eq. (15.32) for pseudorandom phase-only encoding. 

Example 3b: Encoding when the amplitude-coupling function is not prespecified. 
For actual SLM's the coupling can be quite different, and can in fact (for liquid-crystal-type 
SLM's in particular) be continuously varied from phase modulating to amplitude modulat
ing as a function of the polarization of the illumination [55]. Another current limitation is 
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that most SLM's available today can barely produce a 2:rr phase range, whereas in example 
3a, a 4:rr range was assumed. This does not constrain the encoding method if the amplitude 
coupling is viewed as a periodic function of phase, as illustrated in Fig. 15.3(b), solid line. 
The periodic assumption permits the development of encoding formulas in which modula
tor values can be randomly selected around the discontinuity at -;rr on the complex plane. 
Using a discrete pdf as the random selection function leads to the especially simple result 
given below. 

The identical design procedure as in example 3a is followed for discrete binary random 
variables. The effective density function Peff( 1/ro) has equal values at 1/r = 1/ro ± v /2 and is 
zero otherwise. For these pdf's the effective complex amplitude is 

2a(1/ro + vj2)a(1/ro + vj2) . 
ac = (a) = a( 1/ro _ v 

12
) + a( 1/ro _ v 

12
) cos( v /2) exp(J 1/ro), (15.43) 

and the phase random variables are generated by a simple threshold test on the random 
numbers. These results are especially useful in that this closed-form result applies to any 
function a( 1/r) for which 1/r has a range of at least 2;rr. The result is quite similar to the 
deterministic Florence-Juday method 1 encoding in Eq. (15.8). The key difference is that 
the deterministic method uses two pixels to represent one complex number, thus sacrificing 
the usable bandwidth. The random-encoding method encodes the complex value with a 
single pixel. 

15.3.3. 7 Partial pseudorandom encoding 

Partial encoding was first described by Hassebrook et al. in applications to encoding com
posite pattern recognition filters to phase-only SLM's [41]. In that study it was found that 
the error probabilities are minimized over encoding by either pseudorandom encoding or 
MEDOF encoding if some pixels are encoded by MEDOF and the rest are encoded by the 
pseudorandom method. (It should be noted that the MEDOF formula for phase-only SLM's 
is identically Horner's phase-only filter. Furthermore, a search over the parameters of gain 
y and rotation angle a is unnecessary as the parameters have no effect on the distance 
metric.) A similar comparison was developed for the problem of encoding fully complex 
designs of spot-array generation functions of the form 

M 

ac(X) <XL exp[j(2nfkx + if>k)] (15.44) 
k=l 

to biamplitude-phase SLM's [42]. For this type of SLM, the MEDOF can be optimized by 
searches over the single parameter y that scales the magnitude ac; of the desired complex 
values (see Fig. 15.8). For MEDOF-only encoding, complex values that have amplitudes 
between 0 and 0.5 are encoded to 0, and complex values that have amplitudes between 0.5 
andy are encoded according to the phase-only filter. For this discussion the complex values 
are normalized so that y is equivalent to the maximum amplitude of the complex values. 

For partial pseudorandom encoding the gain parameter y can also be varied to optimize 
performance. The parameter y rescales the complex values from a maximum amplitude of 
unity to a value greater than unity. Those complex values ac; for which ac; > 1 are encoded 
by the MEDOF and the other values inside the unit circle are encoded by the pseudorandom 
method, as illustrated in Fig. 15.8. 

Thus in partial pseudorandom encoding the value of gain y is used to vary the number of 
complex values that are partially pseudorandom encoded and the number that are MEDOF 
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• Random biamplftude 
+ MEDOF-only 
x Random phase-only 

Fig. 15.8. Partial pseudorandom-encoding methods. The random phase-only and ran
dom biamplitude methods are augmented so that any desired amplitude that exceeds 
unity is mapped to unity by the MEDOF algorithm. The MEDOF algorithm for biampli
tude modulation is also shown for comparison. The dashed circle of radius 112 represents 
the breakpoint for mapping to zero or unity. 

Nonrandom 

Desired from a fully complex modulator 
Achieved with an actual encoded modulator 

Combined Random encoding 

Fig. 15.9. Accuracy improvement of partial pseudorandom encoding of composite func
tions over either pseudorandom only or nonrandom alone. 

encoded. A specific value of y in excess of unity usually optimizes the encoding of the de
sired complex function, and the optimal value depends on the function that is to be encoded. 
An explanation for the improvement of partial encoding over either MEDOF or pseudo
random encoding alone has been given by Hassebrook et al. in terms of finding a balance 
between systematic and random errors [41]. Consider increasing y from unity to a value in 
excess of unity. This will reduce the random errors produced by pseudorandom encoding for 
two reasons. First, fewer values are now pseudorandom encoded, and second, those values 
that are randomly encoded are closer to the modulation characteristic, thus producing less 
random noise. However, the increase in y also introduces systematic errors [56, 57] for the 
deterministic MEDOF encoding of the amplitudes in excess of unity. Thus there can be a 
value of y that tends to balance the contributions due to random and systematic errors. 

A conceptual drawing that represents the effect of the MEDOF, pseudorandom, and 
partial encoding on the diffraction pattern of a simple spot generator is shown in Fig. 15.9. 
The desired diffraction pattern would be two spots of different intensities. The MEDOF 
encoding, being a deterministic method, tends to produce the undesired harmonics. There 
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is also a type of nonlinear competition that tends to enhance the stronger spot and to reduce 
the weaker spot [36, 52]. The pseudorandom encoding produces a broadly spread noise 
background, and the errors in the spot intensities are due to the influence of randomness 
in the encoding procedure, rather than from nonlinear competition. However, with partial 
encoding the harmonics can be introduced as long as they do not exceed the noise level. As 
the harmonics rise with increasing y, the noise level falls until for one particular value of 
y the two errors balance to produce the optimal diffraction pattern for the various partial 
encodings. These tendencies are equally evident in the encoding of complicated functions, 
including the encoding of 8 x 8 spot arrays that are discussed next. 

15.3.3.8 Comparisons ofvarious encodings of an 8 x 8 spot-array generator 

The complex function to be encoded is a 300 x 300 pixel modulation that produces 64 
spots of equal intensity in an 8 x 8 array [42]. Ideally, the background noise is zero, so 
one goal of the design is to make the noise as small as possible. The phases of the spots 
¢k in expression (15.44) are not considered important for the application of the device, 
but these phase degrees of freedoms are used to specify the unique values of the aci to be 
encoded. The phases are selected randomly, rather than as identical, which increases the 
diffraction efficiency of the complex function from 5%, for all phases identical, to 22%. 
This function is encoded by both MEDOF-only and partial pseudorandom encoding. For 
each case the value of y is varied from 1 to 1.82, and the resulting encoded function a; is 
Fourier transformed with a 300 x 300 point discrete Fourier-transform subroutine. Various 
performance measures are calculated and graphed in Fig. 15.10. 
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Fig. 15.10. Performance of encoding a composite function for an 8 x 8 spot-array by the 
partial pseudorandom and MEDOF methods. For the plots of the signal-to-peak-noise 
ratio (SPR) and nonuniformity, the diffraction efficiency is roughly a linear function of 
the gain factor y. The two crosses represent the largest value of the SPR and the lowest 
value of nonuniformity for partial phase-only encoding as a function of y. 
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A conservative measure of signal-to-background noise is the average intensity of the 
64 spots divided by the maximum noise intensity in the entire discrete Fourier-transform 
file. This measure is referred to as the signal-to-peak-noise ratio (SPR). The average signal 
intensity to average noise intensity ratio is typically 1 to 2 orders of magnitude larger than the 
SPR. Non uniformity is defined as a relative error; specifically, the standard deviation of the 
64 spot intensities is divided by the average intensity of the desired spots. One measure of the 
diffraction efficiency is T/e, which measures the percentage of energy ending up in the desired 
diffraction pattern compared with the total energy in the diffraction pattern. It is calculated 
as the sum of the 64 spot intensities divided by the total energy in the Fourier-transform 
plane. The average intensity transmittance of the modulator is 171 = Non/ N, where Non is 
the number of modulator pixels set to unity amplitude. The energy utilization efficiency 
is then 17 = T/r Tie· Although y is not shown, note that the plotted diffraction efficiency 17 
increases monotonically as a function of y. 

Figure 15.10 shows that the best pseudorandom-encoded design outperforms the best 
MEDOF-only design in SPR (212 versus 19.5) and nonuniformity (2.5% versus 17.8%). 
The efficiency 17 of the best MEDOF-only encoding is higher than the best pseudorandom 
encoding (59% versus 32%), as is Tie (88% versus 62%), but even this difference can be 
reduced by sacrificing some uniformity and some SPR. For example, even at an efficiency 
of 57% the pseudorandom-encoded design outperforms the MEDOF-only design in the 
SPR and nonuniformity. 

A realistic illustration of the differences between MEDOF-only and partial pseudoran
dom encoding (as opposed to the qualitative comparison shown in Fig. 15.9) is shown in 
Fig. 15.11. The diffraction pattern shown is the one that maximized the SPR as a func
tion of y for each encoding. Note the differences in the background noise that have been 

(a) (b) 

Fig. 15.1 I. Gray-scale image of the 8 x 8 spot-array resulting for (a) the MEDOF, 
(b) partial pseudorandom biamplitude encoding. The results are for the encoding that 
produces the largest value of the SPR, which is 19.5 for (a) and 212 for (b) . In order 
to show the noise background, the image in (a) is saturated with respect to the peak 
intensity by a factor of 26 and the image in (b) by a factor of 212. By spreading the 
noise out over the entire usable bandwidth, the partial-encoding method demonstrates 
peak noise that is lower by a factor of more than 1 0: 1. 
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brought out by saturation of the maximum gray scale in each intensity pattern by a factor 
that is roughly the same value as its respective SPR. The MEDOF design shows a series 
of harmonically related noise orders. Orders like this are quite common in many binary 
diffractive optics designs today. To summarize, pseudorandom encoding can be viewed as 
an attempt to maximize the entropy of the approximation errors in encoding. In selecting 
gain y some intermodulation products are accepted as long as an overall better performance 
in SPR, uniformity, etc., is achieved. 

Thus the minimum distance criteria, by themselves, do not optimally encode composite 
functions. Algorithms such as partial encoding can build on the MEDOF to improve per
formance, but they too do not necessarily produce globally optimal solutions. However, the 
major objective of encoding is the ability to handle complex numbers with ease and speed in 
real-time systems. Improvements in performance must be tempered with the computation 
rate of the optoelectronic system's digital processor. The remainder of this article presents 
the contrasting issues of optimal performance and scenarios for the use of complex-value 
encoding in real-time adaptive optoelectronic processors. 

15.3.4 Optimality 

The pixel-oriented methods (with the exception of noncomposite correlation filters) do not 
meet certain optimality requirements. With the goal of developing improved methods of 
point-oriented encoding, we briefly review important results for the design of phase-only 
diffractive optics. 

15.3.4.1 Direct versus indirect optimization 

The various methods of diffractive optics design (including lenses, spot-array generators, 
and pattern recognition filters) are surveyed and generalized by Mait [58]. There are two 
general approaches to design, which are referred to as direct and indirect. The direct method 
solves for the optimal design subject to the constraints imposed by the modulation char
acteristic. A single optimization problem solves the entire problem. The indirect method 
consists of two steps: (1) the specification of the desired complex function through opti
mization and (2) the encoding of the complex function to the modulation characteristic. 
The encoding usually also requires optimization, such as the searches over y and a in the 
MEDOF, the maximum correlation intensity, and partial pseudorandom-encoding methods 
described above. The maximum correlation intensity method could also be classified as a 
direct method, because the optimal fully complex solution is not explicitly specified but 
rather it is embedded within the derivation of the algorithm. However, most practical direct 
designs do not provide explicit solutions as they require trade-offs between various metrics 
(e.g., SPR, uniformity and diffraction efficiency, or peak intensity and SNR). Mait noted 
that solutions by the direct method usually outperform solutions by the indirect method. He 
also acknowledged that indirect methods may be advantageous in terms of computational 
speed and ease of use. 

Thus for the indirect methods that we have mainly been focusing on, there are two stages 
at which optimization can lead to improvements. First, an optimal complex-valued function 
can be designed. If possible, the design would include an optimization that reduces the total 
distance between the composite function and the modulation characteristic. For composite 
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functions in particular, the available degrees of freedom (e.g., phase and amplitude weight
ings of the individual functions) permit such an optimization. Second, the encoding can be 
optimized to improve fidelity. This was demonstrated for the example of partial encoding 
on the biamplitude SLM in which a particular value of y optimizes the SPR. It appears 
likely that nearly optimal values of y can be estimated by modeling rather than by a time
consuming search. Such a result would be desirable for real-time applications. However, 
an even larger improvement would result if it were possible to develop a noniterative and 
real-time method of selecting the values of the degree of freedoms used in specifying the 
composite function. 

15.3.4.2 Least upper bound on diffraction efficiency 

The amount of the improvement possible has been related to diffraction efficiency by 
Wyrowski [59]. He shows that for the phase-only modulation characteristic there is a least 
(or tightest) upper bound on the diffraction efficiency of 

(15.45) 

where the overbar represents the average over the N pixels of the modulation ac. The 
numerator is the squared average amplitude transmittance, and the denominator is the 
average intensity transmittance of the modulation. The denominator can also be interpreted 
as the variance of the amplitude transmittance. Relationships between the variance and 
the average indicate that the maximum diffraction efficiency can never exceed unity for a 
phase-only modulator, or for that matter for a fully complex modulator. The efficiency is 
maximized by making the values of ac as close to each other as possible. Thus minimizing 
the variance of the modulation amplitudes maximizes the diffraction efficiency [56, 57]. 
Unity efficiency can be achieved if the amplitude modulation can be made white. This 
objective is identical to the problem in holographic recording in which the diffusers are 
used to level the recorded spectrum [32, 60, 61 ]. The upper bound for phase-only spot-array 
generators (for which the phase of the spots provides design freedoms) is found through 
numerical optimization to be ~95%-99% [52, 62]. 

In general the diffraction efficiency of a fully complex function is [51, 59] 

11 =a~. (15.46) 

This could possibly be larger than unity if the modulator provides gain. However, with 
the usual assumption that the device is passive, the maximum amplitude ac max does not 
exceed unity. In pseudorandom encoding for phase-only SLM's, the maximum amplitude 
is assumed normalized to unity so that 

(15.47) 

where ac max normalizes the maximum value of effective modulation I (a) I to unity amplitude. 
This result follows from Eqs. (15.28) and (15.29) [51]. This situation corresponds to unity 
gain y. For partial pseudorandom encoding the gain is larger than unity and the diffraction 
efficiency increases to a value larger than 17rr• as illustrated by Fig. 15.10 and for similar 
performance curves for phase-only partial pseudorandom encodings. 
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Wyrowski also found that the gain that maximizes the diffraction efficiency in Eq. (15.45) 
is [59] 

(15.48) 

This gain is also greater than unity and it is obtained when the desired function is mapped 
according to Homer's phase-only encoding. Thus the nonlinear process of phase-only en
coding effectively produces gain. Wyrowski also noted that, although this mapping does 
produce maximum efficiency, some reduction in efficiency is needed to meet the require
ments of uniformity. However, example designs by Mait [58] and by Gale et al. [52] show 
that perfectly uniform spot arrays can be designed with an efficiency that is from a few 
tenths of a percent to a few percent less efficient than the upper bound. It is satisfying to 
note that as the diffraction efficiency in Eq. (15.45) approaches unity, the gain in Eq. (15.48) 
also approaches unity. The diffraction efficiency of pseudorandom encoding in Eq. (15.47) 
also approaches unity. This can be visualized as a compression of the horizontal axis in 
Fig. 15.10 that describes the performance of a continuum of partial pseudorandom-encoding 
algorithms. 

It is illustrative to consider the following simple example. The amplitudes of aci are ac1 = 
1 and ac2 = 0.5. The diffraction efficiency from Eq. (15.46) for the full complex function or 
fromEq. (15.47) for pseudorandom encoding is 17 = 1Jpr = 0.625. The diffraction efficiency 
from Eq. ( 15 .45) for the phase-only encoding would be 1Jopt = 0. 90. The gain that maximizes 
diffraction efficiency from Eq. (15.48) is Yopt = 1.20. However, if ac1 = 1 and ac2 = 
0.8, then 1Jpr = 0.90, 1Jopt = 0.988, and Yopt = 1.10, which illustrates how the diffraction 
efficiency of pseudorandom-encoding approaches that of the phase-only encoding as the 
desired complex modulation becomes more spatially uniform. 

These results on efficiency and its upper bound are important for guiding the optimization 
of an encoding algorithm that must be computed in real or near real time. Because the 
diffraction efficiency can be determined in terms of the modulation, there should be ways 
to approach optimal performance by performing operations only in the modulation plane. 
Also, the upper bound (if it can be precomputed off-line) provides useful information 
for developing stopping criteria during time-critical searches. Finally, knowledge of the 
optimal gain may provide guidance on selecting the correct gain that optimizes partial 
pseudorandom encoding and other algorithms. All the results in this section have been 
developed for phase-only SLM's. It would be helpful if these results could be generalized 
to coupled-amplitude-phase SLM's. 

15.3.4.3 Fast methods of selecting phase degrees of freedom 

Although optimality of design has been a major emphasis of late, in real-time applica
tions good designs that meet the time constraints of the digital processing unit must be 
accepted. The question is then, how can the performance of encoding be brought closer 
to the theoretical limits? In the last section it was mentioned that when the phases ¢k 
are picked randomly in expression (15.44) it is possible to increase diffraction efficiency 
over that possible if all the phases are identical. This method had been reported earlier 
by Burckhardt and was given the name random-phase coding [63]. This method can be 
improved on by reselection of the phases, a number of times, each time with a different 
random seed. For each iteration expression (15.44) is calculated, followed by calculation 
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of the diffraction efficiency with Eq. (15.47). The average of several runs is "'-'16% effi
ciency and the best run gave the 22% reported above. The iteration has the advantage in 
that it is done exclusively in the modulation plane. However, the prospect of significantly 
improving diffraction efficiency further by this method is unlikely. The problem has to 
do with the statistics of the intensity transmittance. These are known to be exponentially 
distributed [64]. As such, there can be large excursions from the average intensity transmit
tance. Thus the iterated optimization of diffraction efficiency by this method corresponds 
to minimizing the maximum intensity transmittance. The large deviations away from the 
desired level modulation, as prescribed by Eq. (15.45), are extremely difficult to meet with 
this particular approach. Akahori also noted the poor job of leveling produced by random
phase codes [61]. Chu and Goodman [60] and Akahori [61] showed that determinsitic 
codes can do a much better job of leveling the modulation if the desired reconstruction is 
a binary sequence of bright and dark intensities. The simplest code is the chirped phase 
function, 

(15.49) 

for an M = m x n array of binary data sequences that is referred to as the Schroeder code. 
More information on various modulation-leveling phase codes can be found in Refs. 32 and 
65. These codes could provide the necessary compromise between computational complex
ity and improved performance in some designs. 

15.4 Discussion: scenarios for fully complex representations 

This chapter has reviewed several approaches to representing complex-valued images on 
SLM's. The approaches taken today are substantially different from those used in the past. 
Formerly the media of photographic film and pen plots were used to make static displays 
whereas today SLM's can accept data at real-time rates. The former media differ from the 
more recent in that there is less spatial resolution and the modulation characteristics are 
significantly different. Neither medium can physically produce all complex values, at least 
affordably, which leads to the various approaches for representing complex values. 

A major goal in our considerations has been to identify methods that can instantly encode 
the desired complex-valued modulation to the SLM. In this way it would be possible to make 
the most flexible use of the SLM. Certainly many useful optoelectronic processors can be 
developed by use of precomputed, globally optimal encodings. However, prebriefing is not 
always possible or practical, especially if the processor is required to adapt to a changing 
environment in which there is limited prior knowledge. Thus to achieve this degree of 
flexibility the encoding process must not be a computational bottleneck. Of course, the 
design of certain fully complex functions (e.g., some SDF filters) may often by themselves 
take too much time to be implemented at real-time rates. Nonetheless, the speedups provided 
by not simultaneously optimizing the complex function and the encoding to the SLM bring 
closer the possibility of incorporating these design procedures on real-time processors. The 
designs would be adaptive, in the sense that the digital calculations would be performed 
over several frames of the SLM. To give some concreteness to this general discussion we 
present some illustrative examples of useful processors that would be possible as a result 
of being able to encode complex functions in real time. 
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15.4.1 Optical security 

Recently proposed correlator-based optical security systems are an example in which cus
tom information, such as fingerprints, would be encoded onto a fixed-pattern reference 
filter that is fabricated on an access key [66, 67]. If this method is adopted by credit card 
companies, then the design and the fabrication of a custom filter could be required for each 
new credit card. Today, holograms are mass produced by credit card companies to reduce 
forgery. However, individually customized computer-designed holograms would require 
the development of both rapid design and rapid fabrication procedures to meet demand. 
This need for a real-time system can be appreciated by considering the task of providing an 
optically secure credit card to each person in the United States. Suppose that 250 million 
cards are to be made in 1 year and there are 8 manufacturing systems. This corresponds 
to "'1 card per machine per second. At these rates, numerically intensive solutions are un
likely to be fast enough, but suboptimal filter designs followed by a fast encoding algorithm 
seem probable. One likely fabrication procedure would be direct gray-scale recording of an 
intensity image from a display of SLM into a phase-relief profile. 

15.4.2 Arbitrary multispot scanning and beam shaping 

SLM's are optically equivalent to phased-array attennas. Phase-only SLM's are especially 
desirable because the far-field pattern can be formed on the optical axis or steered anywhere 
within the usable bandwidth of B. Arbitrary multispot patterns can also be formed, and the 
spots can be arbitrarily repositioned each frame. Thus scanning operations that are much 
more general than the usual raster scanning of electromechanical scanners can be envisioned. 
However, performing arbitrary scanning and beam shaping requires that functions of the 
form of expression (15.44) would be calculated and encoded in real time. The maximum 
number of frequencies to be scanned would determine whether the calculation could be 
computed at a reasonable rate. Two-dimensional beam shaping can be easily accomplished 
when the complex function is multiplied by appropriate apodizing window functions [50]. 
This can be used in applications of either single-spot or multispot diffraction patterns. The 
window functions are especially desirable because they can also significantly reduce those 
sidelobes that arise from the finite spatial extent of the SLM. Multispot scanning operations 
could be used to illuminate multiple objects or multiple track points on three-dimensional 
objects. Used together with video sensing, the spot positions could be actively adapted to 
the motions of the objects. 

15.4.3 Hybrid optoelectronic correlators for autonomous recognition and tracking 

The combination of optical and electronic computation has been an active area of research 
for over 20 years [ 68, 69]. The continuing increase in the speed of digital systems has not yet 
overtaken the speed of optical computing, in general and optical correlation, specifically. 
Consider in Fig. 15.1 the somewhat general architecture of a hybrid correlator that is possible 
today with available SLM's, video electronics, and computers. The optical correlator is no 
more than a specialized (albeit high computation rate) coprocessor that supports the general
purpose computer or system supervisor with numerically intensive full-frame correlation 
and filtering operations. In a fully adaptive system the supervisor controls all activities based 
on inferences about the information collected from the visual environment. However, rather 
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than obviating the need for the correlator, in vision-based automatic control, the increasing 
speed of computers is actually allowing greater and more flexible use of the correlator. 
Some examples suggestive of this flexibility are briefly presented. 

One recent example is the pattern recognition system proposed by Casasent et al., in 
which a suite of up to 33 filtering operations would be performed by the correlator per 
frame of live video [70]. Procedures for designing banks of composite filters have also been 
developed [71-73], and these filters can be run sequentially through the hybrid system in 
order to improve recognition probabilities. 

We can enhance speed by performing decision-directed searches rather than by running 
every filter in the filter bank through the correlator. A specific example of decision-guided 
processing was shown by Hassebrook et al. in which filters from a composite filter bank are 
correlated with the scene until the object is identified and its position is found [73]. Then 
a second set of composite filters is correlated with the scene region of interest to estimate 
object orientation. This method could be used to identify several different objects. Based 
on the identification, the appropriate filters for estimating the pose of the object would be 
recalled and used to program the filter SLM. 

A related application of decision-directed searches is in acquiring and tracking a moving 
three-dimensional object. We would like to associate the object with the closest matching 
noncomposite filter in the filter-plane memory. Then models of the dynamics of the object 
can be used to recall the appropriate noncomposite filter for each frame. A set of composite 
filters designed to allow a hierarchical tree search [31] of memory could be used to eliminate 
the need to test each noncomposite view in sequence. 

The region of interest determination or prescreening is important for cases that have a 
large field of regard. This corresponds to performing a coarse search to locate object roughly, 
followed by a refined analysis on the region by itself. Lhamon et al. demonstrated a method 
for which a complex-valued composite function is designed for (rather than the filter SLM) 
the input SLM [74]. The object is assumed to be smaller than a window of a given size. To ex
plain the method, consider the case of recognizing an M x M pixel image in an N x N pixel 
image. The filter is constructed by shifting the image to all N x N locations and adding all 
the shifted versions together. This is a periodic function, and thus we can most economically 
calculate it by circularly shifting the image within the M x M window, adding the replicas 
together, and then tiling this subimage to form the N x N image. To perform correlation of 
the N x N scene with the M x M filter, the N x N periodic image and the scene image are 
first (electronically) multiplied together. Then this preprocessed image is convolved with an 
M x M pixel aperture function (by programming the filter plane SLM with a sine function). 
This hybrid processing produces a blurred correlation peak that roughly locates the position 
of the object of interest. Distortion invariance can be designed into the prescreener if the 
periodic mask is built with complex-valued combinations of views of the object. 

The use of composite functions in the above examples usually leads to complex-valued 
functions and encodings. Many of the SDF designs involve too many calculations to be 
performed on line in a reasonable amount of time. Thus the encodings, whether real time 
or not, could be done off-line to reduce the computing load on the supervisor and to reduce 
the memory required. The prescreener, though, does require real-time encoding because 
the input scene is multiplied by the periodic mask before the encoding can be applied. It 
would be desirable if adequate composite filters could be designed in real time by simple 
superpositions of noncomposite filters stored in memory. Such algorithms were not a focus 
of this review. However, the next example is interesting from the standpoint that it might be 
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Fig. 15 .12. Concept for using composite recognition filters to preprocess and transform 
imagery into patterns that can be recognized by real-time digital and neural processors. 

possible to build adequate quality filters and encode them on line in a reasonable amount 
of time and also from the standpoint of the increasing amount of digital image processing 
that the supervisory computer can be expected to provide. 

The operation is suggested by Fig. 15.12, in which composite filters are designed to 
transform objects of interest in the input image into other images. The resulting images 
form simple characters that would require far fewer electronic calculations to identify than 
with the original image. The superimage contains the edge-enhanced version of the training 
image shifted to nine locations. The images are added together with different phase weights 
to construct the superimage. Then the composite filter is similarly constructed with rotated 
versions of the superimage. The composite filter is similar in a sense to the prescreening 
filter. In this case, rather than producing a blurred image, the processed image produces 
nine correlation peaks for the Space Shuttle and seven peaks for the Hubble telescope. 
In doing this type of processing, it becomes possible to reduce the visual complexity of 
the input image without totally eliminating information on the object and its orientation. 
This preprocessing reduces the image complexity to a degree that the remaining task of 
digital image processing is greatly simplified. The simplications could allow one to consider 
using a low-order digitally implemented neural network to perform the remaining tasks of 
recognition, orientation estimation, and tracking. The actual results shown in Fig. 15.11 were 
simulated and are presented in Ref. 75. There only the image of the Space Shuttle was used. 
The Hubble telescope has been included to suggest novel approaches to using composite 
filters in hybrid correlators. The results were simulated with fully complex values, and so the 
practical limitations set by realistic SLM's have not yet been evaluated for this potentially 
valuable approach. 

The examples described so far have focused primarily on algorithms for the hybrid corre
lator in Fig. 15.1. Additional flexibility is possible with other realizations of the correlator. 
The remainder of this section reviews alternative architectures. 

In order for a hybrid correlator to be truly adaptive it must be able to acquire new and 
unanticipated information from the environment and develop new filters at a rate commensu
rate with environmental changes. The architecture, as shown in Fig. 15.1, is not adaptive as 

15. 

in most instances we 
essary Fourier-transJ 
real-time. However, 

Other optical arcl 
transform correlator 
some time [64], the t 
robustness, and simr 
in the image plane ra 
updated at real-time 
full-bandwidth B of 
on the SLM and als< 
detector. A second i~ 
would be an interesti 
on the reference SU 
the great speed at w~ 
of JTC's can be four 

An extremely flex 
described above in ' 
and the supervisory 
of the spectra). Ana 
which the complex f 
interferometry [79]. 
Fig. 15.13. In succe: 
wave fronts ofknow1 
The identical pixel ol 
This phase spectrurr 
the resulting spectn 
Fourier transformed 
version of the hybri 
and correlation outr 
phase-shift interfere 
Also note that the p 
particular implemer 

S(x,y) Sux•V 
--FTI---++ 

LENS 

Fig. 15.13. Flc 
algorithm for tl 



•;uu.o;;•o are designed to 
The resulting images 

alations to identify than 
version of the training 

•liftiereJllt phase weights 
amstructed with rotated 

to the prescreening 
a:es!;ed image produces 

Hubble telescope. 
visual complexity of 

and its orientation. 
remaining task of 

allow one to consider 
the remaining tasks of 

inFig.15.llwere 
Shuttle was used. 

to using composite 
values, and so the 

for this potentially 

to acquire new and 
at a rate commensu-
1, is not adaptive as 

15.4 Discussion: scenarios for fully complex representations 427 

in most instances we would assume that the supervisory computer cannot perform the nec
essary Fourier-transform operations fast enough to update the filter-plane memory in near
real-time. However, this limitation is due to the specific choice of the 4 f optical correlator. 

Other optical architectures can overcome this limitation. The best known is the joint 
transform correlator (JTC) [76]. Although hybrid systems have been demonstrated for 
some time [64], the hybrid single-SLM JTC [77] is especially important in its compactness, 
robustness, and simplicity. The hybrid JTC is easy to adapt because the reference is applied 
in the image plane rather than in the filter plane. Thus reference images can be replaced and 
updated at real-time rates. One issue to consider in using the JTC is that it does not use the 
full-bandwidth B of the SLM because the reference and the signal are placed side by side 
on the SLM and also because the patterns are holographically recorded at the filter-plane 
detector. A second issue is that most research on JTC's is focused on real-valued images. It 
would be an interesting extension of hybrid JTC's to consider encoding composite functions 
on the reference SLM and complex-valued images on the scene SLM, especially in light of 
the great speed at which the reference can be updated. Extensive discussions of applications 
of JTC's can be found in Ref. 69. 

An extremely flexible approach is the time-integrating interferometric optical architecture 
described above in which the system synthesizes the complex Fourier transform directly 
and the supervisory computer performs all other numerical operations (e.g., multiplication 
of the spectra). Another interferometric architecture has been proposed by Cohn [78], in 
which the complex field of the optical Fourier transform is directly measured by phase-shift 
interferometry [79]. A flow chart describing the mathematics of the correlator is shown in 
Fig. 15.13. In succession interference patterns of the signal spectrum with three reference 
wave fronts of known phase are formed. Each interferogram is recorded by the CCD camera. 
The identical pixel of each interferogram is processed to determine the phase of the spectrum. 
This phase spectrum is added together with the phase spectrum of the reference, and then 
the resulting spectrum is used to modulate a phase-only SLM. The phase modulation is 
Fourier transformed by a lens to produce the desired correlation. A compact, single-SLM 
version of the hybrid architecture is shown in Fig. 15.14, in which the scene, reference, 
and correlation output are processed by the same optoelectronics in sequence. Note that 
phase-shift interferometers can be used to measure not just phase, but amplitude as well. 
Also note that the phase-only SLM is used to phase shift the reference wave front. In the 
particular implementation a small obscuration is permitted from the reference mirror (on 

S(x,y) S!l,.\.) 
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LENS CAMERA SLM LENS 
Fig. 15.13. Flow chart of the phase-only correlation algorithm. This illustrates the 
algorithm for the specific case of reference phase shifts of -TC j2, 0, and TC j2. 
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Only 
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~o4o+--~..:...._---l __ ~~~~-l_ :=rn:-~- Video 
Camera 2 2 ---- Memory I + Q 12 

Fig. 15.14. Compact implementation of an optoelectronic correlator. The system per
forms Fourier transforms of the scene, the reference, and the product of the reference and 
scene spectra with the same hardware. The phase of the reference spectrum is stored in 
memory (MEM) and then recalled for subtraction from the phase of the scene spectrum. 
The quarter-wave plate (QWP) has a small-area mirror deposited on its front surface. 
The quarter-wave plate and the polarized beam splitter are used together to direct light 
efficiently from the laser illuminator to the video camera. The phase-only SLM serves 
the dual function of a signal modulator and a source of the reference phase shifts. 

the quarter-wave plate) and the laser diode. In this arrangement the hybrid correlator may 
process as many as nine video frames for one scene frame. This hybrid correlator can also 
encode complex-valued functions to the SLM by the various methods presented here. An 
important unresolved issue is the degree to which noise from the encoding process can be 
minimized in a real-time environment. 

15.5 Summary and conclusion 

The way we choose to represent complex-valued modulations is heavily influenced by the 
moderately small number of pixels, resolution, or spatial bandwidth of current SLM's. The 
early methods of encoding from the fields of holography and computer-generated hologra
phy do not fully utilize the bandwidth. The full bandwidth can be used when it is possible 
to represent one complex value with a single setting of SLM pixel. Excellent performance 
can be obtained by methods that optimize the performance of the SLM modulation as a 
function of all the pixels. However, these methods are time consuming and usually cannot be 
used on line in an optical processor. A useful alternative is point-oriented encoding, which 
can be calculated in real time with simple operations by a serial processor. It is also possi
ble to bring the performance of these encoding methods closer to that of the optimization 
methods by including a step in which some of the free parameters are adjusted to improve 
performance within the available computational budget of the supporting electronics. The 
encoding methods can also be classified as either statistical or deterministic. An example 
of blending together the statistical and the random methods was shown to produce a bet
ter performance than either method alone. The upper bound of diffraction efficiency was 
discussed. It provides a metric to judge the quality of the point-oriented encoding, and it 
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may provide insight into ways that the performance of the encoding algorithms might be 
enhanced. 

Point-oriented-encoding methods are important because they allow the manipulation and 
processing of complex-valued functions in real time with modulators that usually do not pro
duce fully complex modulation. The greatest benefits will be realized in real-time systems 
that adapt to and incorporate new information from a rapidly changing environment. The 
issues in developing a hybrid optical-electronic system in these situations involve the abil
ity to encode and also the ability to process complex-valued data. The composite functions 
provide extremely sophisticated functions that can greatly enhance the robustness and au
tonomy of a hybrid system; however, their adaptability is also limited by the computational 
budget of the supervisory computer and also the specific optical architecture. 

We anticipate that continued focus and further emphasis on representations of complex
valued functions on SLM's will lead to significant improvements in the functionality, per
formance, and usefulness of hybrid optoelectronic processors. 
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