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Rotationally resolved laser induced fluorescence and stimulated emission pumping Ã2A1 − X̃2E

spectra, along with pure rotational spectra in the 153–263 GHz region within the E3/2 component
of the ground state in asymmetrically deuterated methoxy radicals CH2DO and CHD2O have been
observed. The combined data set allows for the direct measurement with high precision of the en-
ergy separation between the E1/2 and E3/2 components of the ground state and the energy sep-
aration between the parity stacks in the E3/2 component of the ground state. The experimentally
observed frequencies in both isotopologues are fit to an effective rotational Hamiltonian account-
ing for rotational and spin-rotational effects arising in a near-prolate asymmetric top molecule with
dynamic Jahn-Teller distortion. Isotopic dependencies for the molecular parameters have been suc-
cessfully implemented to aid the analysis of these very complex spectra. The analysis of the first
and second order contributions to the effective values of molecular parameters has been extended
to elucidate the physical significance of resulting molecular parameters. Comparisons of measured
parameters, e.g., spin-orbit coupling, rotational and spin-rotation constants, are made among the
5 methoxy isotopologues for which data is now available. Comparisons of experimental results, in-
cluding the derived geometric structure at both the C3v conical intersection and at the Jahn-Teller dis-
torted minima, are made with quantum chemistry calculations. © 2011 American Institute of Physics.
[doi:10.1063/1.3615724]

I. INTRODUCTION

Over the past few decades, the methoxy radical CH3O
has received close experimental and theoretical attention for
a number of reasons. Alkoxy radicals have been shown to
be important intermediates in combustion of hydrocarbon
fuels1, 2 and in tropospheric chemistry.3, 4 Of all the alkoxy
radicals methoxy holds a special place, as it is the simplest
species in the family. Due to its relative simplicity, theoretical,
and computational study of this radical at a fairly high level of
detail is feasible. Moreover, its relatively high symmetry gives
rise to intramolecular processes which are of fundamental sci-
entific interest. The molecule belongs to the molecular sym-
metry (MS) group isomorphic to the C3v point group whose
three-fold axis coincides with the C–O bond. The presence of
an unpaired electron spin and a nonzero projection of elec-
tronic angular momentum on the symmetry axis results in a
significant spin-orbit interaction. The double degeneracy of
the ground electronic state, X̃2E, and the presence of degener-
ate vibrational modes result in the Jahn-Teller distortion of the
molecule.5, 6 The interplay between spin-orbit and Jahn-Teller
interactions results in a complex pattern of vibronic levels7–9

and also affects the rotational structure.10 Methoxy serves as
a prototype for similar vibronic effects which have been ob-
served in similar systems such as CH3S,11 CF3S,12 CF3O,6, 13

a)Author to whom correspondence should be addressed. Electronic mail:
miller.104@osu.edu.

in their ground X̃2E state and CdCH3,14, 15 MgCH3,16 ZnCH3

(Ref. 14) in their Ã2E excited state.
Methoxy is also a benchmark molecule for unimolecular

dissociation dynamics and intramolecular vibrational redistri-
bution. Temps and co-workers8, 17, 18 have shown that methoxy
radical undergoes unimolecular decay,

CH3O → H2CO + H, (1)

with a dissociation threshold of 8200 cm−1. The dissocia-
tion dynamics were studied using stimulated emission pump-
ing (SEP) of the Frank-Condon favored C–O stretch mode,
ν3. Unfortunately, this method does not favor observation of
the Frank-Condon disfavored C–H stretching modes, which
strongly correlate with the path of the reaction, Eq. (1), par-
ticularly, the antisymmetric C–H stretch ν4 in CH3O. The as-
signment of the ν4 band in the dispersed fluorescence (DF)
spectra7 remained uncertain until recently when a part of an
infrared absorption spectrum observed near 2885 cm−1 has
been identified as a perpendicular sub-band of this vibrational
mode.19 However, the analysis of the spectra in this region
is still incomplete due to its complexity. One possible ap-
proach to the dissociation dynamics in methoxy is to produce
a unique C–H stretch motion by asymmetric deuteration to
form CHD2O.

The study of asymmetrically substituted methoxy radi-
cals is also important from spectroscopic and quantum chem-
ical points of view, since it is small enough to completely

0021-9606/2011/135(9)/094310/26/$30.00 © 2011 American Institute of Physics135, 094310-1
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resolve the rotational and spin structure of both microwave
and electronic spectra, and a rather complete analysis10, 20, 21

has been reported for CH3O, 13CH3O, and CD3O. Methoxy
radicals with one or two deuterons have a nuclear symme-
try corresponding to the MS group isomorphous with the
Cs rather than the C3v point group, and the Jahn-Teller ef-
fect transforms into a pseudo Jahn-Teller effect. Efforts have
been made in only a few cases, e.g., cyclopentadienyl22 and
methane cation23, 24 to analyze the rotational spectra of an
asymmetric isotopologue of a Jahn-Teller molecule. Asym-
metrically substituted methoxy radicals are one such species
for which a detailed spectra analysis is still manageable,
but also represent significant complication from the previous
studies due to the effects of spin interaction which are negli-
gible in cyclopentadienyl and the methane cation.

It is evident that capturing the effects of Jahn-Teller dis-
tortion in a molecule with lowered nuclear symmetry re-
quires developing a detailed model that describes the spectra
in terms of quantities with clearly defined physical meaning,
connected to the molecule’s geometric and electronic prop-
erties. We previously developed such a model and showed25

that the symmetry lowering results in a more complex effec-
tive rotational Hamiltonian than that for the symmetrically
substituted radicals. Herein, we extend our previous21, 25–27

development of the effective rotational and spin-rotational
Hamiltonian to elucidate the physical interpretation of the
first, X1, and the second, X2, order contributions to the ef-
fective molecular parameters. We also obtain isotopic re-
lationships for the parameters of the effective rotational
Hamiltonian which enable comparison of results from asym-
metrically deuterated species with those of normal20 and
perdeuterated21 isotopologues.

Experimentally the first spectrocopic study of the asym-
metrically deuterated methoxy radicals, CHD2O and CH2DO,
has been undertaken by Kalinovskiy,26 who reported the mea-
surement and analysis of rotationally resolved laser induced
fluorescence (LIF) spectra of a number of bands belonging
to Ã2A1–X̃2E electronic transition in CHD2O and CH2DO.
We have extended this early data by taking higher resolution
LIF spectra, and adding stimulated emission pumping (SEP)
and pure rotational submillimeter wave absorption spectra of
the asymmetrically substituted species. Although the doubly
deuterated species constitutes the primary dynamical interest,
a concurrent study of the singly deuterated methoxy belong-
ing to the same MS group is desirable for better understand-
ing of the processes defining the eigenvalue pattern in such
radicals. We also report the extension of the computational
package SPECVIEW (Ref. 28) to the analysis of the rotational
structure of open shell asymmetric rotor molecules exhibiting
a Jahn-Teller effect.

II. EXPERIMENTAL

The experimental setup for measuring LIF and SEP spec-
tra was nearly identical to that used in the recent studies20, 21

of CH3O and CD3O, therefore only a brief description is
given here. Methoxy radicals are produced by photolysis of
appropriately substituted methyl nitrite9, 20 seeded in a car-
rier gas in a free-jet expansion. Two laser systems, moder-

ate and high resolution, were used to obtain the spectra. In
the moderate resolution system, the output of the Nd:YAG
pumped dye laser (Sirah) was frequency-doubled using KDP-
C crystal to generate UV radiation required to pump Ã2A1

− X̃2E3/2 transition of methoxy radical. This system was
used for survey scans of the LIF spectra and as a pump for
high-resolution SEP measurements. The linewidth of the out-
put of this system was ∼0.15 cm−1 with a measurement ac-
curacy ∼0.02 cm−1 (600 MHz).

In the high resolution system, the output of a CW ring
dye laser (Coherent 899-29) was pulse-amplified by a dye am-
plifier (Lambda Physik, FL2003) and subsequently frequency
doubled using a KDP-C crystal. This laser system was used
for high resolution measurements of LIF spectra as well as a
pump in survey SEP scans. This system allows one to achieve
FWHM spectral resolution of ∼300 MHz, limited by a com-
bination of laser bandwidth, Doppler broadening and unre-
solved hyperfine structure. The center of spectral lines could
be determined to ∼1/6 of the linewidth. Using the Doppler-
free absorption of I2 and high-finesse etalon for frequency
calibration, we estimate an absolute accuracy of ∼50 MHz
for the line center determination.

The submillimeter FASSST spectrometer which has been
used to obtain the rotational spectra, has also been described
in detail previously;29, 30 however, several modifications were
made to the previously existing setup. The spectra were ob-
tained using the pulsed FASSST spectrometer utilizing a
backward wave oscillator BWO-24, covering the range be-
tween 151 and 263 GHz. Briefly, a submillimeter wave beam
of a rapidly tuned frequency is optically focused onto a pulsed
supersonic jet and coupled to a liquid helium cooled InSb
bolometer. A small portion of the radiation is fed into a
thermally stabilized Fabry-Perot cell to provide frequency
markers used for relative frequency monitoring and real time
synchronization. The signal produced by an InSb bolome-
ter, properly amplified and conditioned, is recorded in 200–
300 MHz data frames using 12-bit ADC converter (ADLink,
model PCI-9812). For absolute frequency monitoring, and as
a part of synchronization scheme, a reference cell contain-
ing OCS is inserted in the submillimeter beam. The spectra
of methoxy radicals were obtained by alternately recording
the absorption spectra with and without radicals present with
subsequent subtraction of the latter from the former. This pro-
cedure allows the elimination of absorption features perma-
nently present, e.g., baseline variations, OCS and precursor
absorption transitions, etc.

In this work, methoxy radicals were produced in a DC
electrical discharge in the supersonic jet, using an electrode
assembly mounted on the top of the standard General Valve
nozzle (Series 9), as shown in Fig. 1. The assembly consists
of two coaxial electrodes separated by a 1 mm gap. To prevent
line distortion due to a Stark effect from stray discharge elec-
tric fields, the downstream electrode is grounded and topped
with an aluminum disc 6 inch in diameter. Two magnetic
coils whose common axis is perpendicular both to the direc-
tion of the jet and the microwave beam are attached to the
aluminum disc and are used for the purpose of spectral line
identification using the Zeeman effect, as will be discussed
later.
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FIG. 1. Schematic diagram of the Stark free discharge nozzle assembly used
to produce methoxy radicals in a supersonic jet expansion. (1) General valve
face plate (orifice diameter, 0.5 mm); (2) stainless steel anode plate (orifice
diameter, 1 mm); (3) 2-mm thick Teflon insulator, hole diameter 4 mm; (4)
stainless steel grounded cathode plate (orifice diameter, 2 mm; anode to cath-
ode separation, 1 mm); (5) teflon mount 0.25′′ thick; (6) aluminum shield, 6′′
in diameter; (7) magnetic coils, oriented perpendicular to the direction of the
submillimeter wave beam.

The upstream electrode, sandwiched between the insu-
lator and the Teflon mount is kept floating at high voltage
within the range of 0–2000 V. Our experiments showed that
the methoxy signal was stronger if the floating electrode was
held positive with respect to the grounded electrode. To pre-
vent stray corona discharge on the metal surfaces at high volt-
ages, the outer parts of these surfaces were insulated with
Teflon tape. The discharge operates in a self-igniting mode,
i.e., the voltage across the discharge gap was held constant,
and ignition occurred with the opening of the valve and injec-
tion of the gas mixture.

We have used two different precursors to produce
methoxy radicals. One method uses removal of the hydrogen
from the OH group of methanol by fluorine atoms10, 31

MeOH + F → MeO + HF, (2)

where Me=CH3, CH2D, CHD2, or CD3. We have used SF6

and CF4 premixed in helium carrier gas as a source for the
fluorine atoms generated in the discharge. Although the pres-
ence of fluorine in the discharge is reported to favor the for-
mation of methoxy radicals,31, 32 we found that the strength of
the observed methoxy transitions from discharged gas mix-
tures with added fluorine atom precursor is nearly the same as
without the fluorine precursor. Moreover, with the addition of
trace amount of SF6 (typically 3%), the discharge current dra-
matically dropped due to the large electron affinity of SF6,33

which led in certain cases to quenching of the discharge. We
suggest that methoxy radicals are primarily formed as a result
of electron impact induced dissociation:

MeOH + e → MeO + e + H. (3)

During initial tests, the production of radicals was moni-
tored by observing the intensity of the hyperfine doublet10 at
192 255.5 and 192 260.4 MHz (J′ = 7/2 ← J′′ = 5/2, P′′

= P′ = −1/2) of CH3O. A typical trace of this doublet
is shown in Fig. 2. In the experiments, the He carrier gas
(99.995% grade) at pressure of 25–30 psi was passed through

F (MHz)

192240 192250 192260 192270 192280

FIG. 2. Hyperfine components of J′ = 7/2 ← J′′ = 5/2, P′ = P′′ = –1/2 tran-
sition (Ref. 10) in methoxy CH3O, observed in the experiment with methanol
as precursor.

a vessel containing liquid methanol at room temperature,
yielding an 8% equilibrium concentration of methanol. The
discharge was run at an ignition voltage of 800–850 V. An
increase of ignition voltage above this value resulted in ex-
cessive soot formation in the discharge gap with a subsequent
discharge contraction and excessive spectral noise.

An alternative method for production of methoxy radicals
utilized methyl nitrite MeONO as a precursor,

MeONO + e → MeO + e + NO, (4)

where again, an isotopologically appropriate precursor was
used. In this case, helium at pressure 20–25 psi was bubbled
through the liquid precursor held at 177 K (−96 ◦C) in a bath
of melting toluene. The saturated vapor pressure of CH3ONO
at this temperature equals 8 Torr, resulting in a 0.8% con-
centration of the precursor. All other experimental conditions
were the same as in experiments with methanol. Under these
conditions, the intensity of methoxy lines was approximately
1.5–2 times higher than with methanol as a precursor.

Under discharge conditions a number of species beside
methoxy radicals are present in the jet and can give rise to
spectroscopically observed features. These molecules include
precursor fragments, reaction products of methoxy radicals
(notably, two isotopologues of formaldehyde), as well as pre-
cursor molecules, in ground and vibrationally excited states.30

Absorption spectra of all possible species are not readily
available. Therefore, a number of procedures have been uti-
lized to ensure a proper identification of the observed transi-
tions. First, since methoxy radicals are transient species, only
transitions observed when the discharge was on were assigned
to methoxy. Second, we assigned only lines that were ob-
served with both precursors. Third, all features that met the
first two criteria were checked against available spectroscopic
databases, and all transitions corresponding within experi-
mental accuracy (1 MHz) to known species were excluded.

Finally, we have used Zeeman modulation to exclude
any features that did not exhibit paramagnetic properties. The
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FIG. 3. The effect of Zeeman modulation on the spectra of CH3O, obtained
using methanol as precursor. Both traces are obtained in electric discharge.
The upper trace (a) is taken with a magnetic field off, the bottom trace (b) is
taken with magnetic field of 16 Gauss applied perpendicular to the propaga-
tion of submillimeter wave radiation. The lines, marked with crosses origi-
nate from rotational transitions in CH3O, reported by Endo et al. (Ref. 10),
the features marked with dots include methanol lines and artifacts.

effect of an applied magnetic field on the spectra is shown in
Fig. 3. The variation of the observed intensity of the transi-
tions in methoxy with magnitude of magnetic field can be ex-
plained as follows. Methoxy radicals in low rotational levels
exhibit a magnetic moment of the order of one Bohr mag-
neton. When a magnetic field is applied, the MF degener-
acy is partially removed, resulting in line broadening with a
reduction in peak intensity. To reduce baseline effects, im-
prove signal- to-noise, and prevent saturation of the ADC in-
put circuits, an electronic bandpass filter with a fairly narrow
bandwidth is used.30 With the typical filter setting, Zeeman-
broadened spectral features generate an electrical signal at
a frequency near the edge or outside of the filter transmis-
sion band. Hence, such lines are suppressed by both line
broadening and frequency rejection mechanisms. In many
cases, the combined reduction of intensity is about an order
of magnitude, and observable methoxy lines are nearly com-
pletely removed from the spectrum with a magnetic field of
12–16 Gauss.

The possibility of other paramagnetic species was also
considered. For example, Endo et al.10 report observation of
very weak HCO transitions in their methoxy spectra. How-
ever, a search for known HCO transitions originating from
low-lying rotational states in the 173 GHz region produced
no observable lines.

III. THEORY

A. Ground X̃ 2E electronic state

The groundwork for the analysis of rotationally resolved
LIF spectra of asymmetrically substituted methoxy radicals
has been laid by Kalinovsky,26 who used an effective rota-
tional Hamiltonian (ERH) of the vibrationless level of the
X̃2E state that included asymmetric rigid rotor (excluding
Jahn-Teller distortion), spin-orbit and spin-rotational terms.
Following earlier work,22, 23, 34 an effective term was intro-
duced to account for the difference in the zero point ener-

gies of the vibronic components induced by the asymmetric
deuteration of methoxy. Recently, a more detailed form of the
ERH has been developed25 that included the parameters in
the rotational, spin-orbit, Coriolis, and spin-rotational terms
of the Hamiltonian arising from the asymmetric deuteration.
For the convenience of treatment of the spin-orbit and spin-
rotational interaction and their effects on the rotational level
structure, the ERH is referenced to an internal axis system
(IAS) (Ref. 25) in which the z-axis is parallel to the C–O
bond and the unique hydrogen nucleus is placed in xz-plane.
To obtain physically meaningful parameters of the asymmet-
rically substituted species, the analysis is performed consis-
tently with that of the symmetrically substituted species20, 21

and provides the appropriate isotopic relationships between
the spectral parameters. In the following, we review and ex-
tend previously discussed theoretical developments and apply
them to the analysis of the observed rotational structure of the
vibrationless levels of the asymmetrically substituted isotopo-
logues of methoxy.

1. Vibronic eigenfunctions and eigenvalues

Although our present spectra do not involve transitions
between different vibronic levels of methoxy, it is important
to consider the nature of the lowest energy vibronic eigen-
functions and eigenvalues. There is a long history of the study
of the vibronic structure of Jahn-Teller active molecules, even
including spin effects. However, the information is much
sparser for such molecules with their symmetry lowered by
isotopic substitution, and so we examine this vibronic struc-
ture in some detail, using the previous works on symmetric
isotopologues as a guide. In particular, we build upon the
earlier work of Longuet-Higgins,35 the somewhat later and
more general work of the Heidelberg group,34 the work of
Watson,36 the book of Bersuker37 and our earlier review.6 We
also acknowledge a recent and particularly lucid overview of
some of this material by Stanton.38

The vibronic Hamiltonian for any molecule in field-free
space can be written as

Hev = H 0
e + TN + U (re, R), (5)

where

H 0
e = Te + U (re, 0), (6)

and Te is electronic kinetic energy, TN is the part of nu-
clear kinetic energy associated with vibrational motion of
the molecule (the nuclear kinetic energy associated with ro-
tational and translational motion is ignored for the purpose
of discussion of the vibronic problem), and U (re, R) is the
total potential energy of the molecule written as a function
of electronic coordinates, re, and displacement, R, along an
appropriate set of the nuclear coordinates with respect to the
reference configuration. The term U (re, 0) in Eq. (6) is the
total potential energy of the molecule at the reference R = 0
configuration, which we take to be at the conical intersection.

It is therefore convenient to evaluate Hamiltonian
Eq. (5) in a basis set which is a product of R-independent
electronic eigenfunctions and R-dependent vibrational wave-
functions. The asymmetric isotopic substitution leaves the
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electronic Hamiltonian, Eq. (6), unchanged, therefore we
use the same axially symmetric complex electronic basis
functions |e+〉, |e−〉, with the corresponding eigenvalues E+

e

= E−
e = E0

e , as have previously been used20, 21 for the anal-
ysis of the symmetric species. The |e±〉 electronic functions
can be expressed as

|e±〉 = 2−1/2(|ex〉 ± i|ey〉), (7)

where we take |ex〉 and |ey〉 to be diabatic states which trans-
form as A′ and A′′, respectively.

Equations (5) and (6) have the same general form for any
choice of the nuclear coordinates R, as long as they form a
complete basis in the (3N-6) dimensional space. Therefore,
we can recast these expressions in dimensionless nuclear co-
ordinates, q, and conjugate momenta p, which are related to
the mass-weighted normal coordinates, Q, and momenta, P,
by

qk =
(

2πωk

¯

)1/2

Qk,

(8)

pk =
(

1

2πωk¯

)1/2

Pk,

where ωk is the fundamental frequency of the kth vi-
brational mode. With this choice of coordinates, the vi-
brational basis |v〉 can be represented as the product of
one-dimensional harmonic oscillator eigenfunctions associ-
ated with the vibrational modes |vs〉 and |vt 〉, transform-
ing as the A′ and A′′ representations under exchange of
the two identical hydrogen nuclei combined with inver-

sion in the asymmetrically substituted methoxy. Hence,
the primitive electronic-vibrational basis can be written as
follows:

|e±〉|v〉 = |e±〉
∏
s∈A′

|vs〉
∏
t∈A′′

|vt 〉. (9)

We now can expand the Hamiltonian in Eq. (5) in the power
series in q, which we truncate at the second order terms. This
can be written as a matrix representation in the |e+〉, |e−〉 ba-
sis,

Hev = H 0
e + H 0

v + H 1
JT + H 2

JT , (10a)

H 0
e =

(
E0

e 0
0 E0

e

)
, (10b)

H 0
v = 1

2

⎛
⎜⎝

∑
m

ωm

(
p2

m + q2
m

)
0

0
∑
m

ωm

(
p2

m + q2
m

)
⎞
⎟⎠ ,

(10c)

H 1
JT

=

⎛
⎜⎝

0
∑

s

ksωsqs − i
∑

t

ktωtqt∑
s

ksωsqs + i
∑

t

ktωtqt 0

⎞
⎟⎠,

(10d)

H 2
JT =

⎛
⎜⎜⎝

0
∑
ss ′

bss ′qsqs ′ −
∑
t t ′

btt ′qtqt ′ − i
∑
st

bst qsqt∑
ss ′

bss ′qsqs ′ −
∑
t t ′

btt ′qtqt ′ + i
∑
st

bst qsqt 0

⎞
⎟⎟⎠ , (10e)

where the index m runs over all vibrational modes, s runs
over vibrational modes transforming as A′ and t runs over A′′

modes. The following notation also has been introduced:

ωm = 〈e±|
(

∂2U

∂q2
m

)
|e±〉q=0,

ks = 1

ωs

〈e+|
(

∂U

∂qs

)
|e−〉q=0,

kt = i

ωt

〈e+|
(

∂U

∂qt

)
|e−〉q=0,

(11)

bss ′ = 1

2
〈e+|

(
∂2U

∂qs∂qs ′

)
|e−〉q=0,

btt ′ = −1

2
〈e+|

(
∂2U

∂qt∂qt ′

)
|e−〉q=0,

bst = i

2
〈e+|

(
∂2U

∂qs∂qt

)
|e−〉q=0.

The quantities ωj , H, U, E, and bij in the above equa-
tions are all given in frequency units, while qj , pj , and kj ,

are dimensionless, consistent with previous conventions.
The kj parameters are dimensionless due to the divi-
sion by ωj on the right hand side. The 2 × 2 matrices
in Eq. (10) in the electronic basis |e±〉 are assumed to
be projected onto the vibrational basis of Eq. (9). The
H 0

e term in Eq. (10b) is a multiple of a unit matrix
which is independent of either vibrational or rotational co-
ordinates and can be ignored henceforth. The H 0

v term,
Eq. (10c), is the harmonic oscillator Hamiltonian of an un-
perturbed molecule and is diagonal in all the quantum num-
bers of the basis of Eq. (9). The H 1

JT term, Eq. (10d), is the
linear Jahn-Teller Hamiltonian and the H 2

JT is the vibronic
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coupling Hamiltonian which contains all terms that are
second order in vibrational coordinates (conventionally re-
ferred to as quadratic Jahn-Teller, bilinear, and cross-
quadratic coupling, respectively), excluding the harmonic po-
tential terms of Eq. (10c).

For the rotational spectrum addressed in this paper, we
need some knowledge about the eigenvalues and eigenfunc-
tions of Hev . The information required for its eigenvalues can
be largely obtained by qualitative arguments concerning the
zero-point level, since the spectral observations are limited
to the vibrationless level. If one neglects H 1

JT + H 2
JT then for

the symmetrical methoxy, the zero point level is 2-fold degen-
erate (4-fold when electron spin is considered) with 6 distinct
(3 doubly degenerate) vibrational frequencies contributing to
the zero point energy (ZPE). It is well known that adding the
Jahn-Teller terms will split degeneracies in higher vibrational
levels but the vibronic Hamiltonian Hev retains 3-fold sym-
metry and the lowest vibronic level remains a degenerate E
state.

However, while Hev possesses C3v (technically it has a
molecular symmetry group isomorphous to C3v) symmetry
for symmetrical hydrogen isotopes, as written it only has sym-
metry isomorphous to Cs corresponding to interchange of the
pair of identical hydrogen nuclei combined with inversion. As
written in Eq. (10) the symmetry of each H 0

v , H 1
JT , and H 2

JT

likewise corresponds only to interchange of the pair of iden-
tical hydrogen nuclei combined with inversion. However, the
effect of reducing the symmetry differs among the terms. For
H 0

v the number of distinct ωm increases from 6 to 9, but since
the ωm are the same for each the |e+〉 and |e−〉 basis func-
tions no resolution of the vibronic degeneracy of the zero-
point level occurs. This vibronic degeneracy can be removed
by the addition of both H 1

JT , and H 2
JT . The resulting eigen-

functions are then of A′ and A′′ symmetry and of course the
overall vibronic energy level pattern is quite complex. How-
ever, if we restrict our attention only to the “vibrationless”
components wherein the rotational structure was experimen-
tally observed we can replicate the eigenvalues with a simple
effective operator H̃Q where

H̃Q = 1

2

(
0 �E

�E 0

)
. (12)

Since H 1
JT and H 2

JT only have off-diagonal matrix elements in
the |e±〉 basis, we use the above form with only off-diagonal
terms. Obviously, it would be possible to replicate the split-
ting of the vibrationless level with a diagonal matrix with
two unique elements; however, this would not give the proper
form in this basis in which the spin-orbit interaction is diago-
nal (see Sec. III A 2).

While H̃Q is a part of the vibronic Hamiltonian, its
magnitude is comparable to that of the spin-orbit interac-
tion, which has traditionally been treated as a part of the ef-
fective rotational Hamiltonian. For a rotationless molecule
its effect on the level structure is similar to that of spin-
orbit interaction,26 although its effect on the rotational struc-
ture of spectra has been shown to be quite different.25, 26 For
this reason, we will consider H̃Q as a part of the rotational
Hamiltonian.

The final thing we need for analyzing the rotational spec-
trum are the eigenfunctions, |ev±〉, of Hev so that we can
calculate the appropriate matrix elements of the rotational
Hamiltonian, HR . Equivalently we can transform HR to an ef-
fective operator, H̃R in the original |ev±〉|v〉 basis. We follow
the lead of Watson who has shown how to apply this transfor-
mation (correct to H 1

JT ) to the HR . Specifically he defines a
unitary transformation

S = eiS, (13)

such that

|ev±〉 = S†|e±〉|v〉 = e−iS|e±〉|v〉. (14)

The Hermitian operator S is obtained straightforwardly36

from the expressions for H 0
v and H 1

JT by the solution of the
commutator equation [

S,H 0
v

] = iH 1
JT (15)

yielding

S = −

⎛
⎜⎝

0
∑

s

ksps − i
∑

t

ktpt∑
s

ksps + i
∑

t

ktpt 0

⎞
⎟⎠ .

(16)

2. The general form of the effective
rotational Hamiltonian (ERH)

In this section, we will discuss the development of the
ERH, H̃ ERH, using the results of Sec. III A 1. Since it will help
to characterize various terms of H̃ ERH, it is useful to introduce
the symmetrized rovibronic basis set20, 21, 25 that we will use to
evaluate H̃ ERH,

|E, J, P,M, S,�,℘〉 = 1√
2

[|ev+〉|J, P,M〉|S,�〉

+℘(−1)J−P+S−� |ev−〉|J,−P,M〉
× |S,−�〉], (17)

where J = N + S is the total angular momentum of the
molecule, P is its projection on the molecule-fixed z-axis, ℘

is the “parity” of the basis function with respect to the re-
flection in the plane of symmetry. The parameters of H̃ ERH

typically contain both first order, X1, and second order elec-
tronic, X(2e), and vibrational, X(2v), contributions which have
been discussed in previous works.20, 21, 25, 27, 36, 39 The first or-
der contribution to the parameters of H̃ ERH can be viewed as
expectation values of operators over the vibronic wavefunc-
tions as derived in Sec. III A 1.

We can write the microscopic rotational Hamiltonian, in-
cluding spin-rotational effects, as

HR = HSO + HROT + HSR. (18)

We wish to obtain the first order contributions of the
terms of HR to the effective rotation Hamiltonian, H̃ ERH, by
taking expectation values over the vibronic basis functions,
which can be realized by performing the transformation

H̃R = eiSHRe−iS, (19)
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where H̃Q is omitted from HR as it is already an effective
operator. This transformation in Eq. (19) can be expanded in
a Taylor series of which we will consider the lowest order
nonvanishing terms,

H̃R = HR + i[S,HR] − 1

2
[S, [S,HR]] + . . . , (20)

where the last term is an anticommutator.
As is shown in Appendix A, the substitution of the mi-

croscopic expressions for HSO into Eq. (20) produces

H̃ SO = a

(
1 −

∑
s

k2
s −

∑
t

k2
t

)
SzLz = aζedHSzL−

z ,

(21)
where ±ζe = 〈e±|Lz|e±〉 and the vibronic projection operator
L is introduced with components,

L2
± = |ev±〉〈ev∓|

L±
z = |ev+〉〈ev+| ± |ev−〉〈ev−| (22)

to define matrix elements in the twofold vibronic basis. The
sum over s runs over all modes that transform as A′ and
the sum over t runs over all modes that transform as A′′. The
factor dH corresponds in symmetric molecules to the Ham
quenching factor40 of the orbital angular momentum due to
the Jahn-Teller interaction. We cast the asymmetry splitting
term in the same format by writing

H̃Q = 1

2
�E(L2

+ + L2
−), (23)

where �E is the quantity measured experimentally.

3. Rotational Hamiltonian HROT

In a recent paper,25 hereafter called MLCM, we fo-
cussed on how the effective rotational and spin-rotational (see
Sec. III A 4) Hamiltonian of a Jahn-Teller molecule was
modified by asymmetric isotopic substitution. In this and
Sec. III A 4, we shall follow the method of MLCM and
indeed utilize many of the equations therein. However, we
shall also extend parts of this work for several reasons. In
MLCM the focus was on the operator form of the effec-
tive Hamiltonian and little effort was made to interpret the
molecular parameters in the effective Hamiltonian. In this pa-
per, we are concerned with the parameters we obtain from
the spectral analysis for CHD2O and CH2DO. Moreover,
we want to compare and globally analyze these parame-
ters with the corresponding results for CH3O and CD3O.
To accomplish this requires a physical interpretation of both
the first order (X1) and second order (X2) contributions to
the parameters. Another reason for re-investigating the ef-
fective rotational and spin-rotational Hamiltonian is that we
have discovered additional small terms induced by asym-
metry that were neglected in MLCM. We have found (see
Sec. IV) that inclusion of these new asymmetric terms sub-
stantially improves the global fitting of the spectra.

The Hamiltonian, HROT, for the overall molecular rota-
tion is

HROT =
∑
αβ

Bαβ(q)RαRβ, (24)

where R is the rotational angular momentum. The methoxy
radical in its ground vibronic state also exhibits spin S, elec-
tronic L, and vibrational G angular momenta, which are cou-
pled together resulting in the total angular momentum J. In
order to simplify a number of the following equations, we
follow MLCM in introducing an operator N = J − S to ob-
tain an expression for HROT,

HROT =
∑
αβ

(Nα − Lα − Gα)Bαβ(q)(Nβ − Lβ − Gβ) (25)

In the final step of the analysis, the above definition for N can
be used to obtain operators dependent on J as did MLCM.

The expansion of Eq. (25) produces terms bilinear in N ,
linear in N , and independent of rotational quantum numbers.
The bilinear term generates the “pure” rotational part of the
ERH, whereas the term linear in N generates the Coriolis part
of ERH. Ultimately the X1 contributions to the rotational pa-
rameters are expressed as expectation values over the vibronic
eigenfunctions, |ev±〉. To accomplish this we follow the pro-
cedure of Watson36 and expand the rotational constant Bαβ(q)
in a power series in the vicinity of the reference configuration,
Br

αβ , and truncate at the linear term. The reference configura-
tion corresponds to the geometry at the conical intersection
and is determined by equivalent bond lengths and angles for
all isotopologues. Specifically we write

Bαβ(q) = Br
αβ +

∑
m

(
∂Bαβ

∂qm

)
q=0

qm. (26)

Inserting this expression for Bαβ(q) into Eq. (25) for
HROT allows us to identify linear terms in N which correspond
to the effective Coriolis Hamiltonian, H̃ COR, and the bilin-
ear terms that we assign to an effective, “purely” rotational
Hamiltonian, H̃R . We obtain an expression for HCOR,

HCOR = −
∑
αβ

Br
αβ(Lα + Gα)Nβ. (27)

Following MLCM and applying the Watson transformation,36

we write the effective Coriolis Hamiltonian in the |ev±〉
basis,

HCOR = −2Br
zzζtNzL−

z − Br
xzζt (N+ + N−)L−

z , (28)

where the total vibronic angular momentum components are
defined by

〈ev±|Lz + Gz|ev±〉 = ±ζt , (29)

and we have utilized the vibronic projection L−
z operator of

Eq. (22).
Again following Watson,36 we apply the transformation

in Eq. (16) to Eqs. (25) and (26) in order to obtain the expres-
sion for the effective H̃ ROT,

H̃ ROT =
∑
αβ

[
Br

αβL+
z +

∑
s

ksωsC
αβ
s (L2

+ + L2
−)

+ i
∑

t

ktωtC
αβ
t (L2

+ − L2
−)

]
NαNβ. (30)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

136.165.55.184 On: Fri, 10 Jan 2014 19:55:38



094310-8 Melnik et al. J. Chem. Phys. 135, 094310 (2011)

The quantities C
αβ
m (m = s or t) in Eq. (30) are propor-

tional to the derivative of the Bαβ with respect to qm:

Cαβ
m = Cβα

m = − 1

ωm

(
∂Bαβ

∂qm

)
. (31)

In case of symmetric isotopologues, the second term in
Eq. (30) vanishes, and the sums over s and t are restricted
to doubly degenerate modes t with symmetric ta and antisym-
metric tb components. For CH3O and CD3O, C

αβ
tσ quantities

are not all independent and it has been shown41 that(
∂Bxx

∂qta

)
= −

(
∂Byy

∂qta

)
= −

(
∂Bxy

∂qtb

)
,(

∂Bxz

∂qta

)
=

(
∂Byz

∂qtb

)
,(

∂Bzz

∂qta

)
= 0.

(32)

As the nuclear symmetry of the molecule is reduced, gener-
ally, none of the equalities in Eq. (32) hold anymore. To obtain
the functional form of H̃ ROT for the asymmetrically substi-
tuted methoxy radicals, we expand the sum in Eq. (30) and
treat all the derivatives in Eqs. (30)–(32) as independent. Af-
ter regrouping the expansion terms and combining the results
with the expression for the rigid-rotor rotational Hamiltonian
for the IAS (Ref. 25), we obtain for H̃ ROT:

H̃ ROT =
{(

B1
xx + B1

yy

4

)
[N+, N−]++B1

zzN
2
z +

(
B1

xx − B1
yy

4

)

× (N2
+ + N2

−) + B1
xz

2
[N+ + N−, Nz]+

}
L+

z

+h1(L2
+N2

− + L2
−N2

+) + h2(L2
+[Nz,N+]+

+L2
−[Nz,N−]+) + h′

1(L2
−N2

− + L2
+N2

+)

+h′
2(L2

−[Nz,N+]+ + L2
+[Nz,N−]+) + hAN2

z

× (L2
+ + L2

−) + hB[N+, N−]+(L2
+ + L2

−), (33)

where

B1
aβ = Br

αβ = B
(1e)
αβ , (34)

where the symbols in the last equality denote that X1 contribu-
tion is of electronic nature. Parity independent portions (lines
1 and 2 of Eq. (33)) can be denoted as H̃ 0

ROT while parity-
dependent terms (lines 3–6) are denoted as H̃ 1

ROT.
The h coefficients of H̃ROT are given as follows:

h1 = Bs
xx − Bs

yy − 2Bt
xy

4
,

h2 = Bs
xz + Bt

yz

2
,

h′
1 = Bs

xx − Bs
yy + 2Bt

xy

4
,

h′
2 = Bs

xz − Bt
yz

2
,

hA = Bs
zz,

hB = Bs
xx + Bs

yy

2
,

(35)

with the shorthand notation,

Bs
αβ = −

∑
s

ks

(
∂Bαβ

∂qs

)
,

Bt
αβ = −

∑
t

kt

(
∂Bαβ

∂qt

)
,

(36)

where the sums over s and t have the same restrictions as in
Eq. (21). It is easily verified by direct substitution that if the
values of the derivatives in Eq. (31) are restricted by Eq. (32),
and B1

xx = B1
yy and B1

xz = 0, the coefficients h′
1, h

′
2, hA, hB

vanish and Eq. (33) reduces to the well-known10, 36, 39 form of
the rotational Hamiltonian for Jahn-Teller active symmetric
top with two independent rotational constants A = Bzz and
B = Bxx = Byy and two terms, h1 and h2, describing the ef-
fects of Jahn-Teller distortion.

It can be shown (see Hirota et al.,10 and Appendix B)
that the terms in the lines 3–6 of Eq. (33) are diagonal in re-
flection parity quantum number, but the sign of the matrix
elements of these terms depends on the reflection parity of
the states involved. Hence, we will often refer to the terms of
this nature (i.e., induced by the vibronic coupling) as “parity-
dependent.” The sign of the matrix elements of the terms in
the first two lines of Eq. (33) is the same for either parity, and
therefore such terms will be called “parity-independent.” As
the nuclear symmetry of the molecule is reduced from C3v to
Cs , two new parity-independent terms and four new parity-
dependent terms are added to the H̃R , as given in lines 2 and
lines 4–6 respectively of Eq. (33).

To finalize the discussion of H̃ ROT we consider the
second-order contributions, X2 = X(2e) + X(2v), to the effec-
tive rotational constants. It has been shown that in symmet-
ric molecules,20, 27 Bxx receives a second order contribution
B(2e)

xx due to interaction with electronically excited states,
which is for practical purposes, negligible.20 Similarly we
find that the X(2e) contribution for all the B parameters in
H̃ROT are negligible compared to the X1 and X(2v) ones. In
the symmetric molecule, Bzz receives a more substantial con-
tribution B(2v)

zz due to interaction with vibrationally excited
levels of the ground electronic state. H̃ ROT of the asym-
metrically substituted molecule also contains two new pa-
rameters, (B1

xx − B1
yy)/4 and B1

xz which likewise receive
significant X(2v) contribution.

The expressions for the relevant X(2v) contributions are
obtained following the line of the discussion of Liu et al.,27

B(2v)
zz = 4B2

zz

∑
n�=0

|ζed0n + gz
0n|2

E0 − En

,

B(2v)
xz = 4BzzBxz

∑
n�=0

|ζed0n + gz
0n|2

E0 − En

= Bxz

Bzz

B(2v)
zz ,

B(2v)
xx = 2B2

xz

∑
n�=0

|ζed0n + gz
0n|2

E0 − En

= 1

2

(
Bxz

Bzz

)2

B(2v)
zz ,

B(2v)
yy = 0, (37)

where d0n is the Ham-type quenching parameter for the elec-
tronic angular momentum (d00 = dH of Sec. III A 2) and gz

0n

is the matrix element27 of the vibrational angular momentum
operator. It should be noted that B(2v)

zz is negative, so the sign
of the second order correction B(2v)

xz is opposite to that of Bxz,
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and therefore the vibronic coupling always reduces the mag-
nitude of both Bzz and Bxz. B(2v)

xx is also negative, however, its
magnitude is rather small and probably negligible. Eqs. (37)
indicate that the second order vibrational contributions to the
rotational constants are not independent and can be approxi-
mately related to each other through the values of X1.

If we define

B
eff

αβ = B
(1e)
αβ + B

(2e)
αβ + B

(2v)
αβ (38)

then the effective rotational Hamiltonian, H̃ ROT can be ob-
tained from Eq. (33) by replacing each B1

αβ term with B
eff

αβ .
The terms involving h1 and h2 of Eq. (33) can be reduced to
the form of the sum of Eqs. (15) and (23) of MLCM by substi-
tuting N = J − S and dropping constant terms. In Appendix
B the terms involving h1, h2, hA and hB of Eq. (33) are re-
duced using the same substitution.

Unfortunately rigorous isotopic relationships between
the B

(2v)
αβ parameters cannot be derived straightforwardly

since the vibrational integrals on the right hand sides of
Eq. (37) are isotopically dependent. In symmetrically sub-
stituted molecules, an isotopic dependence for the only sig-
nificant vibrational contribution, B(2v)

zz has been satisfactorily
estimated as21

(
B(2v)

zz

)I =
(

BI
zz

AH

)2

A(2v)ßI , (39)

where the factor ßI is introduced to account for the change of
the energy gaps between the interacting vibronic levels,

ßI = ω̄0

ω̄I

. (40)

The ω̄0 is the average vibrational frequency of the normal
species and ω̄I is the average vibrational frequency of the iso-
topologue of interest. Although Eq. (39) cannot be rigorously
applied for asymmetrically substituted species, we will use it
for the purpose of crude estimates in Sec. V.

The centrifugal distortion Hamiltonian H̃CD can also be
taken as part of H̃ ROT. For symmetrically substituted species
it is given by Endo and co-workers:10

H̃CD = {−DNN4 − DNKN2N2
z − DKN4

z

}
L+

z + h1N

2

× [N2,L2
−N2

++L2
+N2

−]++ h1K

2

[
N2

z,L2
−N2

++L2
+N2

−
]
+

+ h2N

2
[N2,L2

−(NzN−+N−Nz)+L2
+(NzN++N+Nz)]+

+ h2K

2

[
N2

z,L2
−(NzN−+N−Nz)+L2

+(NzN++N+Nz)
]
+

+h4(L2
+N4

+ + L2
−N4

−) + aDζedSzN
2
z L−

z

+ ηeN
2NzL−

z + ηKN3
z L−

z . (41)

The last three terms are centrifugal distortion terms for
spin-orbit and Coriolis interaction. The centrifugal distortion
Hamiltonian in Eq. (41) is derived for the symmetric top
molecule. It can be shown42, 43 that in the ERH of the asym-
metric top molecule set up in the IAS, additional CD terms
will arise. However, since the angle between the a- and z-axes
is small, such terms are expected to be small and their effect

insignificant for the rotational structure of the cold jet spec-
tra. For the data limited to the transitions between levels with
low rotational quantum numbers, some of the parameters in
Eq. (41) cannot be determined independently,20, 21 and in-
clusion of additional centrifugal distortion terms would
lead to unnecessary complication of the numerical analy-
sis without real benefit. For similar reasons, we will not in-
clude higher order centrifugal distortion terms HKN,HNK,

Ds
N,Ds

Na,D
s
Nb,D

s
Ka,D

s
Kb as well as any parity-dependent

CD terms and fix h4 = 0. Hence, in this work we will use
the centrifugal distortion part of the ERH in the form of Eq.
(41) with h4 = 0. Even then the data will not prove sufficient
to determine all these constants.

4. Spin-rotational Hamiltonian HSR

The general form of the effective spin-rotational
Hamiltonian is given by44

H̃ SR = 1

2

∑
αβ

εαβ [Nα, Sβ ]+. (42)

The X1 contributions to the values of the εαβ are well known
to be small, and so the dominant contribution to these param-
eters comes from the interaction with the higher lying elec-
tronic states. Such an interaction can be expressed using sec-
ond order perturbation theory,45

H̃ SR =
∑

n

〈ψ0|HCOR|ψn〉〈ψn|HSO|ψ ′
0〉

E0 − En

+ h.c. (43)

HCOR and HSO are the microscopic Coriolis and spin-orbit
Hamiltonian, and |ψn〉 run over all electronically excited
states, and |ψ0〉, |ψ ′

0〉 are the components of the ground vi-
bronic twofold, |ev±〉 and h.c. is the Hermitian conjugate. In
the doubly degenerate vibronic state, there are two types of
terms in HSR,

H̃ SR = H̃ 0
SR + H̃ 1

SR, (44)

in which H̃ 0
SR and H̃ 1

SR generate non-vanishing matrix ele-
ments diagonal in |ev±〉 and between states of |ev+〉 and |ev−〉
respectively,

H̃ 0
SR =

∑
n

〈ev±|HCOR|ψn〉〈ψn|HSO|ev±〉
E0 − En

+ h.c. (45)

and

H̃ 1
SR =

∑
n

〈ev±|HCOR|ψn〉〈ψn|HSO|ev∓〉
E0 − En

+ h.c. (46)

The terms of the both H̃ 0
SR and H 1

SR can be derived explicitly
from the expressions for the microscopic Coriolis, and spin-
orbit Hamiltonian. Similarly to H̃ ROT, the reduction of nuclear
symmetry from C3v to Cs introduces new terms into the ef-
fective operator H̃ 0

SR and H̃ 1
SR. H̃ 0

SR is the parity-independent
part of of spin-rotational Hamiltonian for IAS and has been
discussed in detail previously,25 and we reproduce the result-
ing expression for H̃ 0

SR,

H̃ 0
SR =

{
εzzNzSz +

(
εxx + εyy

4

)
(N+S− + N−S+)
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+
(

εxx − εyy

8

)
(N+S+ + S+N+ + N−S− + S−N−)

+ εxz

4
((N+ + N−)Sz + Sz(N+ + N−))

+ εzx

4
(Nz(S+ + S−) + (S+ + S−)Nz)

}
L+

z . (47)

If we make substitution of N = J−S into H̃ 0
SR we obtain the

operator form of the sum of Eqs. (10) and (28) of MLCM.
The parity-dependent part H̃ 1

SR for symmetric species has
been derived by Hougen.39 We use the same approach to de-
rive its form, obtaining for H̃ 1

SR as follows:

H̃ 1
SR = ε1(L2

−N+S+ + L2
+N−S−)

+ ε2a[L2
−(NzS− + S−Nz) + L2

+(NzS+ + S+Nz)]

+ ε2b[L2
−(N−Sz + SzN−) + L2

+(N+Sz + SzN+)]

+ ε′
1a(L2

+ + L2
−)NzSz

+ ε′
2a[L2

+(S−Nz + NzS−) + L2
−(S+Nz + NzS+)]

+ ε′
1b[L2

+(S−N+ + N+S−) + L2
−(S+N− + N−S+)]

+ ε′
2b[L2

+(SzN− + N−Sz) + L2
−(SzN+ + N+Sz)]

+ ε′′{L2
+[S+(N+ + N−) + (N+ + N−)S+]

+L2
−[S−(N+ + N−) + (N+ + N−)S−]}. (48)

It should be noted that the Cs symmetry allows for
9 spin-rotational constants; however, only 8 terms result
from the second order perturbation treatment indicated by
Eq. (46). Some of these terms may still not be independently
determinable,46 but can be obtained from the isotopic relation-
ships for the parameters of symmetric isotopologues as shown
in Sec. III A 5. If we make the substitution of N = J−S into
H̃ 1

SR, we obtain the operator form of Eq. (16) of MLCM for
the unprimed terms. The primed terms are reduced by this
substitution in Appendix B.

5. Spin-rotation isotopic relationships

The comparison of Eqs. (47) and (48) with the corre-
sponding expressions10, 39 for the H̃ 0

SR and H̃ 1
SR for symmetri-

cal isotopologues shows that the reduction of symmetry from
C3v to Cs introduces three new parameters in H̃ 0

SR, which
appear in the last three lines of Eq. (47), and five new pa-
rameters in H̃ 1

SR appearing in the last six lines of Eq. (48),
resulting in a fairly complicated functional form of the ef-
fective spin-rotational Hamiltonian. However, we will use the
benefits of the IAS to show that most of the parameters in
Eqs. (47) and (48) are not independent and can be expressed
in terms of the components of the spin-rotational tensor of the
symmetrically substituted species and components of the rota-
tional tensors in both symmetrically and asymmetrically sub-
stituted radicals. These fundamental relationships were de-
rived by Brown and co-workers:47

∑
α

I ∗
δαε∗

αβ =
∑

α

Iδαεαβ, (49)

where the components of the inertial tensor Iδα are related to
the rotational tensor as

Iδα = ¯
2

2
(B−1)δα, (50)

and the starred values pertain to normal species. Eq. (49) is
correct to second order in the values of εαβ and based on the
assumption that the second order spin-rotational constant is
defined by Eq. (43) and therefore contains only the electronic
contribution, ε(2e)

αβ . It has been shown20, 27 that the second order
electronic contribution is by far the largest, so we can write for
the parameters of the H̃ 0

SR,

εxx + εyy ≈ ε(2e)
xx + ε(2e)

yy = Bxx + Byy

B∗ ε∗
bc, (51)

εzx ≈ ε(2e)
zx = Bxz

B∗ ε∗
bc, (52)

εxx − εyy ≈ ε(2e)
xx − ε(2e)

yy = Bxx − Byy

B∗ ε∗
bc, (53)

where the starred values correspond to normal isotopic
species, CH3O.

It has been shown27, 48 that the effective value of εaa

= εzz is dominated by the second order vibrational contribu-
tion, ε(2v)

zz . Using perturbation theory and results obtained by
Liu and co-workers,27 we write the expressions for the only
two vibrational contributions of significance,

εzz = ε(2v)
zz = −4aBzzζe

∑
n�=0

d0ng
z
n0 + ζe|d0n|2
E0 − En

, (54)

εxz = ε(2v)
xz = −4aBxzζe

∑
n�=0

d0ng
z
n0 + ζe|d0n|2
E0 − En

= Bxz

Bzz

ε(2v)
zz ,

(55)
where d0n and gz

n0 were previously defined,27 and the summa-
tion in Eqs. (54) and (55) runs over the vibrational levels of
the ground electronic state. Since εzz involves vibrational-type
contributions and the vibrational structure is not presently
well understood, a precise isotopologue relationship is not
possible; however, an approximate one is suggested in
Sec. V A 5.

Following Hougen39 but using the form of the HCOR and
HSO, one can express the electronic contribution X(2e) to the
parameters of H 1

SR in Eq. (48) in terms of quantities �h1 and
�h2,

�h1 = 1

4
(Bxx + Byy)2

×
⎧⎨
⎩
∑
i∈A2

|〈ψi |L−|ψ0〉|2
E0 − Ei

−
∑
j∈A1

|〈ψj |L−|ψ0〉|2
E0 − Ej

⎫⎬
⎭ ,

�h2 = Bzz(Bxx + Byy)
∑
i∈E+

〈ψ0|Lz|ψi〉〈ψi |L−|ψ∗
0 〉

E0 − Ei

, (56)

where summations are performed over the excited electronic
states of the appropriate symmetry. Since the electronic wave-
functions do not change upon isotopic substitution, we write
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for the ε1, ε2a , and εb2:

ε1 = −�h1
2a⊥

Bxx + Byy

= Bxx + Byy

2B∗ ε∗
1, (57)

ε2a = −�h2
a⊥

Bxx + Byy

= Bzz

A∗ ε∗
2a, (58)

ε2b = −�h2
a‖

2Bzz

= Bxx + Byy

2B∗ ε∗
2b, (59)

where we have used a‖ and a⊥ notation of Hougen39 and
the starred quantities pertain to the normal species. The re-
maining parameters in Eq. (48) are not present in the spin-
rotational Hamiltonian of the symmetrical species, but they
can be expressed as functions of other molecular parameters
of the same isotopologue. We obtain, using second order per-
turbation theory and Eq. (56),

ε′
1a = −�h2

2a‖
Bzz

Bxz

Bxx + Byy

= 2ε2a

Bxz

Bzz

, (60)

ε′
2a = −�h1

2a⊥Bxz

(Bxx + Byy)2
= ε1

Bxz

Bxx + Byy

, (61)

ε′
1b = −�h1

a⊥(Bxx − Byy)

(Bxx + Byy)2
= ε1

Bxx − Byy

2(Bxx + Byy)
, (62)

ε′
2b = −�h2

a‖
2Bzz

Bxx − Byy

Bxx + Byy

= ε2a

Bxx − Byy

2Bzz

, (63)

ε′′ = −�h2
a⊥Bxz

2Bzz(Bxx + Byy)
= ε2a

Bxz

2Bzz

= 1

4
ε′

1a. (64)

While Eqs. (57)–(64) contain the a‖ and a⊥ notation of
Hougen, when making numerical estimates we shall adopt
the approximation of Ref. 10 that a‖ = a⊥. We finally note
that the matrix elements that give rise to d0n and gz

n0 in
Eqs. (54) and (55) are diagonal in |e±〉 and therefore none
of the parameters in H̃ 1

SR receives a second-order vibrational
contribution.

B. Excited Ã2A1 electronic state and selection rules

For the LIF spectra we also have to consider the rota-
tional level structure of the excited Ã2A1 state. The excited
electronic state of methoxy radicals has been treated in detail
in the Part I20 of these series. We note, that in this work we ac-
cessed the vibrational levels of Ã2A1 electronic state with two
quanta of excitation in ν3 mode and one quantum of excitation
in ν6a mode, both of which have a′ vibrational symmetry in
Cs group. Hence it is appropriate to use the same ERH for
the description of both of these states, and the one which was
used for the analysis of 32 level in symmetrically substituted
species,

H̃ (A′) = H̃ ROT + H̃ SR, (65)

except that the HROT is that of the asymmetric top. The
Hamiltonian for the excited state is set up in principal axis
system, hence, no off-diagonal components of the rotational
tensor are present.

For the description of the rotational structure of the Ã2A1

electronic state, the Hund’s case (b) basis |J,N,Ka,Kc〉 is
the most convenient choice. However, for the convenience

of calculation of the LIF and SEP transition intensities, the
Hamiltonian has been set up in Hund’s case (a),

|A, J, P,M, S, ℘〉 = 1√
2
|2A〉

[
|J, P,M〉

∣∣∣∣S,� = 1

2

〉

+℘(−1)J−P |J,−P,M〉

×
∣∣∣∣S,� = −1

2

〉]
, (66)

and the assignment of the rotational levels was then con-
verted into Hund’s case (b) notation.26, 49 We have used the
same principles as were used before20, 26, 50 to derive the
LIF and SEP transition intensities of the asymmetrically
deuterated isotopologues. The detailed analysis is presented
elsewhere,26, 50 hence only the final results are presented here.

The rovibronic eigenstates of the molecule in both
ground and excited electronic states are linear combinations
of the basis functions equations (17) and (66), respectively.
Therefore, the line strength of the transition between the rovi-
bronic level in the ground electronic state i and rovibronic
level in the excited state j can be generally expressed as

Sij = 3
∑
M ′M

∣∣∣∣∣∣
∑
nÃ,nX̃

ki
nX̃

kj
nÃ

μ(nÃ; nX̃)

∣∣∣∣∣∣
2

(67)

in which nX̃, nÃ are the basis functions equations (17) and
(66), respectively, ki

nÃ
and k

j
nX̃

are the coefficients of expan-
sion of the eigenstate in the corresponding basis sets, and
μ(nÃ; nX̃) is the electric dipole transition moment. The k-
coefficients are obtained by the diagonalization of the effec-
tive rotational Hamiltonian matrix using the SPECVIEW com-
putational package.28 Hence the task of the computation of
the transition strengths is reduced to the calculation of indi-
vidual transition moments μ(nÃ; nX̃). Expanding the notation
for the nX̃, nÃ, we write the expression for the transition mo-
ments as follows. For the LIF and SEP transitions involving
the levels in E3/2 (� = +1/2) component of the ground state:

μ(nX̃; nÃ) ≡ μ(2e, J, P,M, S,�,℘; 2a,J ′, P ′,M ′, S,�′, ℘ ′)

=
√

(2J + 1)(2J ′ + 1)

(
J 1 J ′

−M 0 M ′

)

×
∑

q=0,±1

(−1)P+M−1

(
J 1 J ′

−P q P ′

)
Mqδ1/2,�δ℘,−℘,

(68)

while for the transitions involving the levels in E1/2 (�
= −1/2) component of the ground state,

μ(nX̃; nÃ) ≡ μ(2e, J,P,M,S,�,℘; 2a, J ′, P ′,M ′, S,�′, ℘ ′)

=
√

(2J + 1)(2J ′ + 1)

(
J 1 J ′

−M 0 M ′

)

×
∑

q=0,±1

(−1)J+M

(
J 1 J ′

P −q P ′

)
Mqδ−1/2,�δ℘,−℘,

(69)

where Mq (q = −1, 0, 1) is the matrix element of the vibronic
dipole moment.20
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FIG. 4. Submillimeter wave traces of the rotational transitions of asym-
metrically deuterated methoxy radicals. Left panel: |J = 2.5, P = −0.5, �

= 0.5,−〉 → |J = 3.5, P = −0.5, � = 0.5,+〉 transition in CH2DO, cen-
tered at 187 132.8 MHz. Right panel: |J = 2.5, P = 0.5, � = 0.5,−〉
→ |J = 3.5, P = 0.5, � = 0.5,+〉 transition in CHD2O centered at
178 996.3 MHz. Partially resolved hyperfine structure is seen in both traces.

The selection rules for the Ã2A1 – X̃2E transitions are
summarized as follows:50

i. ℘ ′ = −℘,
ii. J ′ = J, J ± 1,
iii. P ′ = ±(P − 1) for M+ type transitions,
iv. P ′ = ±P for M0 type transitions,
v. P ′ = ±(P + 1) for M− transitions,

where the “+” sign is for transitions involving the E3/2 com-
ponent, and “−” is for E1/2 component. For the 32

0 band of
both CH2DO and CHD2O, only M+ type transitions are al-
lowed, whereas for 6a1

0 band all types are allowed.

IV. EXPERIMENTAL RESULTS AND NUMERICAL
ANALYSIS

A. Experimental results

The spectroscopy of the asymmetrically deuterated iso-
topologues of methoxy provides a variety of transitions in-
volving the X̃2E3/2 component of the ground state. In the
range of 154–263 GHz we have recorded and assigned 13 ro-
tational transitions of CH2DO and 14 rotational transitions of
CHD2O. Examples of the observed rotational lines of both
isotopologues are shown in Fig. 4. Most of the observed tran-
sitions exhibit poorly resolved hyperfine structure which has
not been analyzed. The rotational frequency of the observed
lines was approximated as the center of mass of the observed
hyperfine components. The uncertainty of the measurement of
the center frequency is estimated to be 1 MHz, which includes
both the uncertainties of the determination of the center of
mass of the hyperfine structure and instrumental uncertainty
due to the line shape distortion and variations of scan rate.

High resolution LIF spectra of the 32
0 and symmetric

(6a)1
0 vibronic bands of Ã2A1–X̃2E have been obtained for

both isotopologues. For CH2DO, 65 rotational transitions
belonging to the 32

0 band and 61 transitions belonging to
the (6a)1

0 have been observed and assigned. For CHD2O,
we obtained 74 rotational transitions in the 32

0 band and
91 transitions in (6a)1

0. The estimated uncertainty of the
LIF measurements is 50 MHz. Example of LIF spectra for
CH2DO are shown in Fig. 5.

32935 32940 32945 32950 32955 3296

Frequency (cm -1)

P
1

P
2 P

4

P
3

FIG. 5. Low-resolution (top panel) and high-resolution (bottom panel) LIF
spectra of 32

0 band of the Ã2A1 → X̃2E3/2 electronic transition of CH2DO.
The arrows on the top panel indicate the rotational transitions that were
pumped in the SEP experiments.

SEP spectra of both isotopologues were obtained using
strong rotational lines in the 32

0 band as pump transitions. A
total of 8 transitions of CH2DO and 6 transitions of CHD2O
were recorded with estimated uncertainties of ∼70 MHz. An
example of a SEP spectra for CH2DO is shown in Fig. 6.
The LIF and SEP spectra of CHD2O are of similar quality.
The SEP transitions terminate on the upper 2E1/2 fine struc-
ture component which is otherwise unaccessible in the free jet
environment, and therefore complement the microwave and
LIF data which only involve the thermally populated 2E3/2

component.
In the global fit of the data to determine the parameters

in the ERH, the observed microwave, LIF and SEP transi-
tions were weighted inversely proportional to the square of
the estimated accuracy of the transition frequency measure-
ment, giving relative weight for the data types of 5000:2:1,
respectively.

B. Data fitting and the parameter constraints

To fit the observed spectra data, the matrix of H̃ ERH in
the X̃2E ground state was constructed in the rovibronic basis,
Eq. (17),

H̃ ERH = H̃ SO + H̃Q + H̃ COR + H̃ 0
ROT + H̃ 1

ROT

+ H̃ CD + H̃ 0
SR + H̃ 1

SR (70)

where the terms on the RHS are given by Eqs. (21), (23), (27),
(33), (41), (47), and (48) . The required matrix elements are
found in Refs. 10, 25, and Appendix B.

Figure 7 shows schematically how the terms of
Eq. (70) shift and split the eigenvalues of H̃ ERH. On the far
left (column 0) of the figure is the 8-fold degenerate state
of a symmetric top without any interaction of the vibronic
or spin angular momentum with the rotational angular mo-
menta. Physically the degeneracy arises from the pairs of
possibilities (parallel or anti-parallel) for the projections of
the rotational, spin, and vibronic angular momentum. In
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FIG. 6. The SEP spectra of the Ã2A1 → X̃2E1/2 electronic transition. The top panel shows the portion of the low-resolution spectra obtained by pumping
|J ′ = 0.5, 000〉 ← |J ′′ = 0.5, P ′′ = 0.5, �′′ = 0.5, ℘′′ = −1〉 rotational transition of 32

0 band of the Ã2A1 ← X̃2E3/2 electronic transition. The middle left
and right panels show the the traces of the same SEP transitions obtained in high-resolution experiment. The assignments of these transitions are |J ′ = 0.5, 000〉
→ |J ′′ = 1.5, P ′′ = 0.5, � = −0.5, ℘ = −1〉 and |J ′ = 0.5, 000〉 → |J ′′ = 0.5, P ′′ = 0.5, � = −0.5, ℘ = −1〉, respectively.

the basis set, |E, J, P,M, S,�,℘〉 of Eq. (17), this cor-
responds to J = |P | (chosen to be 1/2) and the possible
combinations of P = ±J = ±1/2, � = ±1/2, and ℘ = ±1.
Figure 7 introduces the terms of H̃ ERH in a piece-wise fash-
ion and shows how the basis functions evolve under H̃ ERH to
yield the eigenfunctions and eigenvalues. In column 1, H̃ 0

ROT,
which is the parity independent part of the rotational Hamil-
tonian, removes the degeneracy between the parallel and anti-
parallel orientations of P and � as well as splitting the ±
parallel components. The addition (column 2) of the parity
independent Coriolis, spin-orbit and spin-rotation terms re-
solves the degeneracy of the anti-parallel P and � pair. The
parity-dependent (column 3) terms of the rotational and spin-
rotational Hamiltonians resolve the parity degeneracy of the
P = ±1/2, � = −1/2 levels. The asymmetry of the top (col-
umn 4) is introduced for CH2DO and CHD2O which raises the
parity degeneracy of the remaining states. In the far right (col-
umn 5) the shifting of the levels by the ZPE of the vibrations
for the asymmetrically deuterated molecules is shown.

For the LIF experiments the Hamiltonian matrix elements
for the Ã2A1 state were also required. These are formally
equivalent to those of the X̃ state since a common H̃ ERH

and rovibronic basis set are used. Of course a number of the
molecular parameters present in the X̃ state have vanishing
values in the Ã state. Diagonalization of these X̃ and Ã state
matrices along with the transition probabilities of Sec. III B
allows the simulation of the observed spectra. A new model
based upon H̃ ERH has been incorporated into the SPECVIEW

spectral analysis program to accomplish the simulation and
least squares fitting of all the spectra simultaneously.

In Sec. III A, we have shown that with the reduction of
nuclear symmetry the number of parameters in the ERH in-
creases. At the same time, the available data sets for CHD2O
and CH2DO, especially the submillimeter wave spectra, are
neither as comprehensive nor as accurate as those available
for symmetrically substituted species. Under these circum-
stances, in a least squares fit of the spectral data to the ERH,
a number of the molecular parameters cannot be determined
independently. However, entirely removing the correspond-
ing terms from the ERH (or, equivalently, fixing their values
at zero) would be physically unreasonable. Additionally, in
the absence of the discriminating data some parameters can
mimic the behavior of others, resulting in a large degree of
correlation and subsequent instabilities in the convergence of
the fit.

To minimize these problems, constraints can be applied
to ensure relatively unambiguous and physically meaningful
results from numerical fits. Certain parameters can be deter-
mined independently of the present data and fixed at a con-
stant numerical value. We will refer to this kind of constraint
as “static.” An example of such a constraint was fixing the
value of centrifugal distortion parameter DK in the analysis
of CH3O10, 20 and CD3O,21 to the value of this parameter in
the corresponding isotopologue of methyl fluoride.

Some other parameters of the ERH can be related to
each other through well-established functional dependencies.
These functional dependencies can reduce the number of in-
dependently varied parameters. For example, in the previous
studies of symmetrically substituted species,10, 20, 21 the spin-
rotational parameter ε2b was constrained to a ratio of Bε2a/A,
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FIG. 7. Schematic representation of the evolution of the basis functions under the influence of H̃ERH. Column 0 shows the 8-fold degenerate rovibronic levels
of a symmetric top sans interaction with vibronic or spin angular momentum. The level diagrams in the columns 1–5 correspond to the introduction of different
terms of the ERH: Column 1.H̃ ERH = H̃ 0

ROT; Column 2. H̃ERH = H̃ 0
ROT + H̃ SO + H̃COR + H̃ 0

SR; Columns 3-4. H̃ ERH = H̃ 0
ROT + H̃ 1

ROT + H̃ SO + H̃COR

+ H̃ 0
SR + H̃ 1

SR; Column 5. The full ERH, H̃ ERH = H̃ 0
ROT + H̃ 0

ROT + H̃ SO + H̃COR + H̃ 0
SR + H̃ 1

SR + H̃A. In all columns the centrifugal distortion Hamil-
tonian HCD is excluded for simplicity. Columns 1–3 show the energy level structure of a symmetric rotor as indicated by the shaded background, whereas
columns 4–5 introduce terms unique to the asymmetric rotor. Selected levels are labeled by the approximately good quantum number P and � to facilitate the
branching of levels from left to right. The levels shown in red are of positive parity, the levels shown in blue are of negative parity, and the levels shown in black
indicate an unresolved parity pair. The diagram is qualitatively appropriate for the parameter values of CHD2O, except that the spin-orbit splitting is diminished
by a factor of ≈10 for it to fit on scale.

with the three latter parameters being independently varied.
We will call this type of constraint “dynamic.”

In Sec. III A, we have shown that most of the param-
eters of the effective spin-rotational Hamiltonian, H̃ SR, can
be dynamically constrained and have derived the appropriate
expressions for these constraints. The only exception is εzz

whose value depends on the vibrational structure of the asym-
metrically substituted methoxy radicals, which is not avail-
able in sufficient detail given the sensitivity of the ERH to
the value of εzz. Hence, εzz is varied independently while all
other parameters of H̃ SR Eqs. (44), (47), and (48) are dynam-
ically constrained using Eqs. (51)–(53), (55) and (57)–(64).
We note that the ratios of ε2a/Bzz, (εxx + εyy)/(Bxx + Byy)
and ε1/(Bxx + Byy) are expected20, 39 to be independent of
the isotopic substitution. However, the comparison of these
values in CH3O and CD3O shows a weak variation21 with
isotopic substitution which we attribute to higher than sec-
ond order perturbations and correlation effects in the numer-
ical fitting. In this work, the average values of these ratios in
CH3O and CD3O were used to establish dynamic constraints
for the spin-rotational parameters of ERH.

We also simplified the fitting for the centrifugal distor-
tion (CD) terms, in H̃CD , Eq. (41), which include parity-
independent (DK , DNK , DN ) and parity-dependent (h1N ,
h1K , h2N , h2K , h4) rotational terms, as well as spin-orbit
(aDζed), and Coriolis (ηeζt , ηKζt ) centrifugal distortion

terms. Zare43 used second order perturbation theory to ac-
count for the interactions with vibrationally excited levels,
with the resulting values of CD parameters depending on the
vibrational level structure. In CH3O and CD3O, we accounted
for changes in vibrational structure by the introduction21 of
ßI , see Eq. (39), with the parameter being derived under the
assumption of near-uniform scaling of vibrational frequen-
cies with isotopic substitution. While this assumption is valid
for C3v species,6 this is not necessarily a good assumption
in asymmetrically substituted molecules due to asymmetry-
induced mixing of νs and νta modes, both transforming under
the A′ representation of the Cs point group. Hence ßI cannot
be used for formulation of parameter constraints to obtain ac-
curate results, although, as we will show below, it can still be
used for the purposes of rough estimates.

As an alternative, we have used CD parameters from
a similar system, CH3F and its isotopologues to intro-
duce static constraints. This method has been implemented
by Endo et al.10 and in our prior studies,20, 21 where DK

was statically constrained to its value in CH3F (Refs. 10
and 20) and CD3F,21 respectively. Comparison of rota-
tional CD parameters in symmetrically substituted isotopo-
logues of CH3F (Refs. 51 and 52) with the correspond-
ing experimental values in methoxy show that their ratio
is nearly insensitive to the isotopic substitution. Therefore,
we will extend this recipe to the analysis of asymmetrically
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substituted methoxy radicals by scaling the appropriate
CD parameters of its fluorinated analogs by the aver-
age ratios of these parameters in symmetrically substituted
species, e.g., DK (CH2DO) = DK (CH2DF), DNK (CH2DO)
= 1.79DNK (CH2DF), DN (CH2DO) = 1.25DN (CH2DF),
with similar relationships for CHD2O.

Our preliminary analysis, as well as prior work on sym-
metric species, showed that the calculated spectra are rela-
tively weakly dependent upon the parity-dependent rotational
centrifugal distortion parameters, as well as those for spin-
orbit and Coriolis. Additionally, Coriolis CD terms show a
rather unexpected trend by increasing their values from lighter
to heavier isotopologue21 indicating that the physical interpre-
tation of these parameters is rather obscure. Due to these re-
sults we constrained these parameters to their average values
in the symmetric species. The higher order CD terms such
as h4 and Ds were constrained to zero since the data in the
present studies are limited to low J levels whose energies are
not strongly affected by the values of these parameters.

The excited state rotational structure has been fit to the
ERH in the same general form as in case of symmetric
methoxy radicals. As in the case of ground state, no modifica-
tion to the H̃CD appeared to be necessary. For the purpose of
consistency we dynamically constrained the centrifugal dis-
tortion constants to the corresponding values in the ground
state. We have also found in the initial fits that both εaa and
εbb − εcc are very small and essentially undetermined, there-
fore these terms were excluded from the final analysis. These
restrictions did not affect the quality of the fits.

A summary of the static and dynamic constraints used
in this work is given in Table I. The results for the vibra-
tionless level of the X̃2E state from the combined fit of mi-
crowave, LIF and SEP data of both isotopologues to allowed
transitions between the eigenvalues of the ERH are given in
Table II with the numbers of the transitions used and the cor-
responding RMS for all the data types given at the bottom.
The observed transitions of each spectral type were fit within
experimental error. Corresponding results for the Ã2A state in
the 32 and 6a1 vibrational levels are given in Tables III and IV.
A summary of all observed spectral transition frequencies and
the residuals between observed and predicted values using the
fit parameters is available in the supplemental material.53

V. DISCUSSION

A. Ground X̃ 2E electronic state

In Secs. V A 1–V A 5, we will discuss the values of
the parameters of the ERH for the vibrationless level of the
ground 2E state obtained from the numerical fits and their
physical implications.

1. Asymmetry splitting �E

The asymmetry parameter �E in the ERH results from
the removal of the zero-point degeneracy caused by asym-
metric substitution. In the earlier studies of the asym-
metrically deuterated Jahn-Teller active molecules, such as
cyclopentadienyl22 it was found that the values of this pa-

TABLE I. Summary of constraints on the parameters of the ground elec-
tronic state used in the fit. Superscript “I” denotes the asymmetrically substi-
tuted isotopologue and “H” denotes normal species. Numerical values of all
statically constrained parameters are given in MHz. Df l indicate centrifugal
distortion parameters of the corresponding CH3F isotopologue.

Parameter Dynamic constraint Static constraint Ref.

DI
K . . . D

f l

K 10

DI
NK . . . 1.79 D

f l

NK this work

DI
N . . . 1.25 D

f l

N this work
aDζed . . . 126 this work
h1N . . . 1.05·10−3 this work
h1K . . . 0.214 this work
h2N . . . 2.8·10−3 this work
h2K . . . 0.106 this work
(ηeζt )I . . . 0.529 this work
(ηKζt )I . . . 7.95 this work

εI
2a

1
2

(
εH

2a

AH + εD
2a

AD

)
BI

zz . . . 20

εI
2b εI

2a

BI
xx+BI

yy

2BI
zz

. . . 10

εI
xx + εI

yy
1
2

(
εH
bc

BH + εD
bc

BD

)(
BI

xx + BI
yy

)
. . . 20

εI
xx − εI

yy 2εI
bc

BI
xx−BI

yy

BI
xx+BI

yy
. . . this work

εI
xz εI

zz

BI
xz

BI
zz

. . . this work

εI
1

1
2

(
εH

1
BH + εD

1
BD

)
BI

xx+BI
yy

2 . . . 20

εI
zx 2εI

bc

BI
xz

BI
xx+BI

yy
. . . this work

(ε′
1a)I 2εI

2a

BI
xz

BI
zz

. . . this work

(ε′
2a)I εI

1
BI

xz

BI
xx+BI

yy
. . . this work

(ε′
1b)I εI

1
BI

xx−BI
yy

2(BI
xx+BI

yy )
. . . this work

(ε′
2b)I εI

2a

BI
xx−BI

yy

BI
zz

. . . this work

(ε′′)I 1
4 (ε′

1a)I . . . this work

rameter are nearly equal in magnitude and opposite in sign
in the “counterpart” isotopologues (e.g., C5HD4 and C5H4D).
Similar observations were made in studies of substituted
benzenes54 and earlier work on asymmetrically substituted
methoxy radicals.26 This propensity is supported by the ex-
perimentally measured values of �E as given in Table II.

Since the splitting is specific to the asymmetrically sub-
stituted species, unlike rotational and spin-rotational parame-
ters, it is not possible to apply isotopic relationships to predict
its value from the parameters of the symmetric species. How-
ever, previously there have been attempts to predict its value
for the asymmetrically substituted cyclopentadienyl radical55

and the methane cation23 utilizing ab initio calculations of the
adiabatic potential energy surface (APES) of the lower sheet
of the Jahn-Teller potential. These calculations are based upon
the so-called isomer method, where the harmonic zero point
energy (ZPE) is calculated for different positions of the iso-
topes with respect to a symmetry element of the electronic
eigenfunction. Conceptually there seem to be fundamental
limitations to this approach. One of these limitations would
be the neglect of kinetic coupling between the two sheets
of the APES. Even considering only the lower sheet of the
APES, one notes that it contains multiple minima separated
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TABLE II. Ground electronic state molecular constants of CH2DO and CHD2O determined from fit. Values in parentheses are 1 σ .

Parameter CH2DO CHD2O

(MHz) Experimental Estimated Experimental Estimated

value 1σ X1 X2 X1 + X2 value 1σ X1 X2 X1 + X2

Bzz 119043 (17) 120 608 −1436 119 171 94 871 (12) 96 092 −912 95 180
(Bxx + Byy )/2 25 835 (5) 25 876 ... 25876 23 896 (5) 23 917 ... 23 917
(Bxx − Byy )/4 431 (2) 426 ... 426 −265 (3) −253 ... −253
Bxz 6370 (62) 6656 −79 6577 −4518 (78) −4525 43 −4482
DK 1.38 b ... ... ... 0.74 b ... ... ...
DNK 0.61 b ... ... ... 0.49 b ... ... ...
DN 0.062 b ... ... ... 0.051 b ... ... ...
Bzzζt 37 001 (20) ... ... ... 27640 (12) ... ... ...
ηeζt 0.529 b ... ... ... 0.529 b ... ... ...
ηKζt 7.95 b ... ... ... 7.95 b ... ... ...
aζed −1 789 347 (120) ... ... ... −1 722 058 (90) ... ... ...
aDζed 126 b ... ... ... 126 b ... ... ...
�E 1 368 776 (156) ... ... ... −1 302 406 (119) ... ... ...
εzz −31 655 (62) ... −33 475 −33 475 −26 776 (39) ... −26 681 −26 681
(εxx + εyy )/2 −1001 a ... ... ... −926 a ... ... ...
(εxx − εyy )/4 −37 a ... ... ... 10 a ... ... ...
εxz −1694 a ... ... 1275 a ... ... ...
εzx −247 a ... ... ... 175 a ... ... ...
ε1 163 a ... ... ... 150 a ... ... ...
ε2a −386 a ... ... ... −308 a ... ... ...
ε2b −84 a ... ... ... −77 a ... ... ...
ε′

1a −21 a ... ... ... 15 a ... ... ...
ε′

1b 2.7 a ... ... ... −1.7 a ... ... ...
ε′

2a 20 a ... ... ... −14 a ... ... ...
ε′

2b −2.8 a ... ... 1.7 a ... ... ...
ε′′ −10 a ... ... ... 7.3 a ... ... ...
h1 −87.6 (24) −84.3 ... −84.3 −84.5 (28) −88.5 ... −88.5
h2 −1098 (21) −1221 ... −1221 −991 (36) −1011 ... −1011
h1N 1.05·10−3 b ... ... ... 1.05·10−3 b ... ... ...
h2N 2.8·10−3 b ... ... ... 2.8·10−3 b ... ... ...
h1K 0.214 b ... ... ... 0.214 b ... ... ...
h2K 0.106 b ... ... ... 0.106 b ... ... ...
h′

1 −34.8 (13) −16.9 ... −16.9 20.2 (15) −0.5 ... −0.5
h′

2 −279 (15) −321 ... −321 178 (22) 234 ... 234
hA −1007 (23) −2329 ... −2329 287 (16) 1144 ... 1144
hB 13.4 (12) −0.06 ... −0.06 −20.7 (16) −25.8 ... −25.8

Data Transitions σ , MHz Transitions σ

MW 13 0.44 14 0.89
LIF, 32

0 65 35 74 38
LIF, 6a1

0 61 39 91 28
SEP, via 32

0 8 61 6 39

aDynamically constrained to other parameters as described in the text.
bConstrained to a constant value as described in the text.

by low barriers around the Jahn-Teller moat. This is a situ-
ation for which a simple harmonic calculation of vibrational
energy would not be expected to be at all accurate. Nonethe-
less previous ab initio calculations for substituted cyclopenta-
dienyl radical55 and methane cation23 have shown rather good
agreement with the experimental observations of �E.

In this section, we propose a rationalization for the
isomer method. In doing so, we believe that we have devel-
oped a somewhat different perspective and perhaps differ-
ent interpretation of its application than has been previously
described.55 Perhaps most important this rationalization pro-

vides guidance about the approximations and hence limita-
tions of the approach. We then apply the approach to methoxy
using several electronic structure calculations and compare
these results with experiment.

The quantity �E is defined as the energy splitting of the
doubly degenerate, e vibronic level of methoxy by asymmet-
ric deuteration. Equivalently �E is the separation between
the lowest A′ and A′′ vibronic levels (derived from the e

level) in the asymmetric species. It is not so obvious how one
calculates the lowest A′ and A′′ vibronic eigenvalues from
an adiabatic electronic structure calculation. To make that
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TABLE III. Molecular constantsa of the 32 level of Ã2A1 electronic state
of CH2DO and CHD2O from the fit. The values are in MHz, except as in-
dicated. The rotational constants Bzz, (Bxx + Byy )/2 and (Bxx − Byy )/4 are
also predicted using the structural parameters obtained from the analysis of
the symmetric species (Ref. 21).

CH2DO CHD2O

Parameter Value 1σ Predicted Value 1σ Predicted

T (32
0), cm−1 32 908.6053 (4) ... 32 890.4012 (4) ...

Bzz 113 388 (4) 113 782 90 204 (3) 90 654
(Bxx + Byy )/2 20 199.5 (9) 20 120 18 880.8 (8) 18 821
(Bxx − Byy )/4 250.7 (7) 205.2 −316.4b (7) −213
DK 1.38 b ... 0.744 b ...
DNK 0.614 b ... 0.494 b ...
DN 0.062 b ... 0.051 b ...
εbc 356 (4) ... 350 (4) ...

aIn the analysis of the excited states of both isotopologues, the xz-plane remains the
reflection symmetry plane, as it was in the ground state thus in CHD2O the x-axis coin-
cides with principal c-axis, resulting in (Bxx − Byy )/4 < 0.
bDynamically constrained to the corresponding values of the ground state.

connection we note that to obtain the values of �E from ab
initio adiabatic calculations, we can return to the matrix of
Hev , Eq. (10), in the |eα〉 (α = x, y) diabatic electronic basis.
This basis set, transforming respectively as A′ and A′′, then
gives rise to a simple 2×2 matrix (see Eq. (3.5) of Ref. 34)
which defines the APES as the eigenvalues of Hev , with the
condition that TN = 0, which is a universal requirement for
an adiabatic surface. The matrix elements of a general trans-
formation U which diagonalizes Hev can be expressed as34

U11 = U22 = 2−1/2(1 + d/W )1/2 (71)

and

U12 = −U21 = 2−1/2(1 − d/W )1/2, (72)

where d denotes the diagonal matrix elements of Hev and c its
off-diagonal ones with W = (d2 + c2)1/2.

When only linear Jahn-Teller terms are considered both
Bersuker56 and Koppel, et al.34 show that the general form of

TABLE IV. Molecular constantsa of the 6a1 level of Ã2A1 electronic state
of CH2DO and CHD2O from the fit. The values are in MHz, except as
indicated.

CH2DO CHD2O

Parameter value 1σ value 1σ

T (6a1
0 ), cm−1 32 331.6556 (5) 32 369.3050 (4)

Bzz 114 211 (3) 90 990 (2)
(Bxx + Byy )/2 20 686 (1) 19 424 (1)
(Bxx − Byy )/4 214.4 (9) −213.2b (6)
DK 1.25 b 0.639 b
DNK 0.626 b 0.468 b
DN 0.739 b 0.0462 b
εbc 346 (4) 328 (4)

aIn the analysis of the excited states of both isotopologues, the xz-plane remains the
reflection symmetry plane, as it was in the ground state thus in CHD2O the x-axis coin-
cides with principal c-axis, resulting in (Bxx − Byy )/4 < 0.
bDynamically constrained to the corresponding values of the ground state.

U reduces to

U11 = U22 = cos(φ′/2) (73)

and

U12 = −U21 = − sin(φ′/2), (74)

where φ′ is the pseudo-rotation angle around the Jahn-Teller
moat. (In this section, we use φ′ for the pseudo-rotation an-
gle of Refs. 34 and 56 since its phase convention differs from
Watson’s36 pseudo-rotation angle which we have previously
denoted as φ. The minima of the |ex〉 potential with A′ sym-
metry corresponds to φ = π or φ′ = 0 in the two conventions.
Fortunately the result for �E (including sign) is invariant to
these different phase conventions as can be seen by substitut-
ing φ′ = φ − π into Eqs. (76)–(79).)

The diabatic eigenfunctions |eα〉 (α = x, y) are then re-
lated to the adiabatic eigenfunctions |ei〉 , i = 1, 2, by(

e1

e2

)
= U−1

(
ex

ey

)
=

(
cos φ′

2 − sin φ′
2

sin φ′
2 cos φ′

2

)(
ex

ey

)
. (75)

The function |e1〉 corresponds to the lower sheet of the
APES which can be calculated by standard ab initio tech-
niques. At any minimum on this lower sheet, in the harmonic
approximation the ZPE can be written as

ZPE = 〈e1, v = 0|H 0
v |e1, v = 0〉 =

(
cos

φ′

2
〈evx |

− sin
φ′

2
〈evy |

)
H 0

v

(
cos

φ′

2
|evx〉 − sin

φ′

2

∣∣evy

〉)

= cos2

(
φ′

2

)
(Ex) + sin2

(
φ′

2

) (
Ey

)
, (76)

where H 0
v is of the form of Eq. (10c), but with the normal co-

ordinates and corresponding frequencies defined via the force
constants of the APES. Clearly this step will limit the accu-
racy of the ZPE to the harmonic approximation and ignores
any effect of the upper sheet of the APES.

For only a linear Jahn-Teller effect the energy around the
moat on the lower sheet of the APES is independent of φ′ and
corresponds to a global minimum. If this were actually the
case for methoxy one could calculate the ZPE at φ′ = 0 for
the A′ level, denoted as Ex, and at π for the A′′ level denoted
as Ey and thereby obtain �E trivially from their difference.
However, methoxy has a small quadratic Jahn-Teller effect so
the moat of the APES is not exactly flat; rather it has saddle
points at φ′ = π and ±π/3 and minima at 0 and ±2π/3. The
saddlepoint at φ′ = π prevents the calculation of a ZPE there
from the ab initio electronic structure calculation. Nonethe-
less, we can write at φ′ = 0,

ZPE|φ′=0 = Ex, (77)

and at φ′ = ±2π/3

ZPE|φ′= ±2π
3

= 1

4
(Ex) + 3

4
(Ey). (78)

Finally,

ZPE|φ′=0 − ZPE|φ=± 2π
3

= 3

4
(Ex − Ey) = 3

4
�E. (79)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

136.165.55.184 On: Fri, 10 Jan 2014 19:55:38



094310-18 Melnik et al. J. Chem. Phys. 135, 094310 (2011)

φ =

φ π=φ π=

φ π=

φ π= φ π=

FIG. 8. Different Jahn-Teller configurations of asymmetrically deuterated
methoxy with their pseudo-rotation angles (φ′) indicated. C and O are omit-
ted. The light balls (1) represent the odd isotope of hydrogen, while the dark
ones (2 and 3) represent the two common isotopes. In the square is the undis-
torted configuration. In the circles are the Jahn-Teller minima. In the trian-
gles are the Jahn-Teller barriers. The Jahn-Teller distortion is exaggerated.
The dashed lines indicate the pseudo-rotation that connects different config-
urations.

The �E can be calculated at the 3 minima on the APES
at moat angles of φ′ = 0,±2π/3. To determine �E, we note
that pseudo-rotation of φ′ = ∓2π/3 corresponds to a cyclic
permutation (123) or (321) of the hydrogen atoms, a sym-
metry operation of the MS group. (Strictly true for the sym-
metric isotopologue only but since we are interested in the
symmetry properties of the invariant APES, it suffices). As
Fig. 8 shows this is equivalent to calculating the ZPE when
the odd hydrogen atom isotope is in the (electronic) symme-
try plane (φ = 0) or one of the two common isotopes is in the
symmetry plane (φ′ = ±2π/3). The Jahn-Teller distorted ge-
ometries (minima and barriers) of methoxy were optimized at
different levels of theory using the GAUSSIAN 09 package.57

The reaction path for pseudo-rotation has been verified by the
Synchronous Transit-Guided Quasi-Newton (STQN) calcula-
tions. Hydrogen isotopes (H and D) were permuted between
the three positions (see Fig. 9) and the ZPE for each configu-
ration of a given isotopologue was calculated. The difference
between the ZPEs of configuration 1 and configurations 3 or
5 scaled by 4/3 (see Eq. (79)) give a calculated �E. The re-
sults are listed in Table V and compared to the experimentally
determined values.

As Table V shows the calculations certainly give reason-
ably good predictions for �E considering the fact that the
absolute values of the ZPE are of the order of thousands of
wavenumbers. Only the HF calculation gives a clearly aber-
rant value, and frankly its prediction is expected to be of poor
quality. The capability of the other calculations to obtain such

TABLE V. Comparison of �E (in cm−1), derived from the experimental
data and from quantum chemistry calculations. Basis set 6-31+G(d) is used
in all calculations.

Expt. B3LYP CCSD MP2 HF

�E(CH2DO) 45.66 54 39 33 12
�E(CHD2O) −43.44 −56 −40 −34 −13

a small numerical value of the ZPE with reasonable accuracy
is largely attributed to the fact that in obtaining �E, one cal-
culates the difference of vibrational frequencies between con-
figurations with the same geometry and force field and which
differ only in the position of the odd hydrogen atom. There-
fore many systematic errors in calculating the ZPE likely can-
cel out.

Nonetheless questions concerning the underlying
premises of the use of harmonic frequencies from an APES
remain to be addressed. With respect to the harmonic as-
sumption it is worth noting that all 9 vibrational frequencies
of the molecule contribute to the calculated �E and most of
them are relatively high frequency and may be reasonably
well approximated by the harmonic calculation. Moreover
the same neglect of anharmonicity occurs for both the A′

and A′′ states and so again the differences in the smaller
anharmonic contributions may not make too much of an
effect. There will of course be at least one normal mode with
a major contribution from the low frequency motion around
the Jahn-Teller moat, which we would expect to be poorly
calculated in the harmonic approximation. Nonetheless, it
is just one mode of 9, and since the mode itself will be of
relatively low frequency apparently it may not distort the
overall �E calculation greatly.

Finally there is the issue of kinetic coupling between the
upper and lower sheets, which this calculation completely ne-
glects since it is based only upon the lower APES. The wave
packet calculations of Nagerb and Sibert58 apparently show
that this coupling is clearly present. Since our calculation
completely neglects it, we can only suggest that perhaps this
coupling shifts the ZPE of both the A′ and A′′ states compa-
rably and therefore does not strongly alter �E.

Nonetheless given the obvious approximations we con-
sider the apparent ability of the simple ab initio harmonic
calculation of the ZPE, to mimic experiment not fully under-
standable on theoretical grounds. We are presently pursuing
the analysis of a dispersed fluorescence spectra of the asym-
metrically deuterated methoxy that we have previously ob-
tained. Hopefully this analysis and the comparison with re-
sults with electronic structure calculations will further clarify
this matter.

2. Spin-orbit aζed and Coriolis Bzzζt
coupling constants

In the series of methoxy isotopologues, both the spin-
orbit coupling constant a and the expectation value of the
projection ζe of the electronic angular momentum on the z

axis remain essentially the same since they both depend only
on the electronic eigenfunction. However, the observed value
of the spin-orbit splitting does change as it is affected by the
Ham quenching factor dH , Eq. (21), which indicates the de-
gree of mixing of the electronic eigenstates due to vibronic
coupling and depends on the vibrational structure of the
molecule. All things being equal the degree of mixing tends
to increase as the vibronic levels get closer together. The fun-
damental frequencies of the Jahn-teller active modes are re-
duced in the heavier isotopologues, thus reducing the value of
dH . Therefore, we expect the value of aζed to monotonically

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

136.165.55.184 On: Fri, 10 Jan 2014 19:55:38



094310-19 Rotational spectroscopy of CH2DO and CHD2O J. Chem. Phys. 135, 094310 (2011)

N u  m     b e r o f d e u te ro n s

0 1 2 3

ζζ ζζ e
d

 (
re

d
),

 ζζ ζζ
t (

b
lu

e)

0.26

0.28

0.30

0.32

0.34

0.36

0.38

0.40

0.42

0.44

0 1 2 3

<G
z>

-0.106

-0.104

-0.102

-0.100

-0.098

-0.096

-0.094

-0.092

-0.090

-0.088

-0.086

N u  m     b e r o f d e u te ro n s

FIG. 9. The experimentally observed trend of ζedH (red circles, left panel) and ζt (blue triangles, left panel) for isotopic substitution in methoxy radicals. The
right panel shows the isotopic trend for 〈Gz〉 = ζt − ζedH . The values of ζedH are obtained from the experimental value of aζedH assuming aζe = −138 cm−1

and the values of ζt from the experimental values of Aζt and A. For CH3O, ζedH has been obtained experimentally (Ref. 65) from the Zeeman effect with
ζedH = 0.440, quite consistent with the above plot.

decrease from the CH3O to CD3O, which is observed exper-
imentally (see Table II and the previous work20, 21) and as
shown in Fig. 9 (red circles). The clear trend is a small, nearly
linear decrease of ζed with the number of deuterons, indepen-
dent of the symmetry of the isotopologue.

Since Bzz and Bzzζt are measured independently exper-
imentally (see Table II), a value of the Coriolis parameter ζt

can be determined. The ζt is a combination of the effective
projection of the electronic angular momentum along the z

axis, ζedH , and the expectation value of the projection �t of
the vibronic angular momentum,59 〈Gz〉,

ζt = ζedH + 〈Gz〉 = ζedH +
∑

t

ζ z
t �t (80)

where ζ z
t are the Coriolis coupling coefficients41, 60 which

depend on the nature of the molecular vibrations. Compar-
ison of the values of ζt and ζedH available from this and
preceding studies shows that ζt is dominated by the elec-
tronic contribution and therefore its overall isotopic trend
is expected to be also monotonic which is shown in Fig. 9
(blue triangles). However, the nature of the molecular vibra-
tions changes substantially when the nuclear symmetry is re-
duced, which explains the deviations of the 〈Gz〉 from the
monotonic trend for asymmetrically deuterated species, as is
displayed in the right panel of Fig. 9. Since the vibrational an-
gular momentum results from the interplay of multiple vibra-
tional modes, the accurate calculations of the isotopic trends
in ζed and ζt would require very detailed information on
the vibrational structure of the radicals, which is presently
unavailable.

3. Rotational parameters Bxx , Byy , Bzz , and Bxz

In the asymmetrically substituted species, the IAS (de-
fined in Sec. III A) is not coincident with the principal axis
system, which results in four rather than three non-vanishing
rotational constants Bαβ . The experimentally obtained values
of the rotational constants, Bαβ , are given in Table II. As dis-

cussed above and has been shown previously,21, 27 the values
of the Bαβ contain both first (X1) and second (X2) order con-
tribution, in which the latter can be further divided into elec-
tronic and vibrational parts, X2 = X(2e) + X(2v). Note that in
this latter segregation the X(2e) refers to terms arising from
excited electronic states not effects within the electronic com-
ponents of the ground state. X(2v) refers to interactions with
excited (from the ZPE levels) vibronic states in the ground
state manifold. The first order contribution X(1) to the ro-
tational constants Bxx , Byy , Bzz and Bxz is the expectation
value of the corresponding microscopic parameter of Eq. (26)
in the basis of Eq. (17) of the ground vibronic state and is
given by the first term, Br

αβL+
z , in in Eq. (30). The Br

αβ is de-
pendent only on the details of the electronic potential, hence
using the notation of Eq. (38) B

(1e)
αβ = Br

αβ . Since the elec-
tronic potential does not change with isotopic substitution,
Br

αβ in all isotopologues is characterized by the same val-
ues of internal coordinates (i.e., bond lengths and angles) and
the nuclear masses appropriate for each isotopologue, and
therefore its value is directly related to molecular structural
parameters.

The Bxx and Byy rotational constants receive20 a negli-
gible second order Jahn-Teller contribution, B(2v) and B(2e)

thus Bxx = Br
xx and Byy = Br

yy. It has been shown (see
Table V of Ref. 20), however, that while the Bzz rotational
constant has a relatively small B(2e)

zz contribution, it receives a
substantial second order contribution due to vibronic interac-
tion, B(2v)

zz , whose magnitude has been estimated previously.27

The dependence of B(2v)
zz on symmetric isotopic substitution

has been obtained21 by the introduction of the common vibra-
tional frequency scaling factor ßI and the assumption that the
electronic and vibrational integrals in Eq. (37) are not signifi-
cantly affected by isotopic substitution as long as the nuclear
symmetry is preserved. Therefore, it is possible to estimate
the value of B(1e)

zz = Br
zz for the symmetric molecules. Having

Br
αβ available for all symmetrically substituted species it is

possible to obtain with substantial accuracy21 their structural
parameters, which are reproduced in the Table VI.
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TABLE VI. The magnitudes of the distortions δsJT
i along e (C3v) vibrational modes si in methoxy. These values are obtained from the fit of the experimentally

observed values of h1, h2 of symmetric molecules studied previously, and h1, h2, h′
1, h′

2, and hB of the asymmetrically substituted molecules as described in the
text. In the fit the values of all h-parameters are weighted inversely proportional to the squares of their experimental uncertainties. The fit values are compared
to the results of ab initio calculations performed previously (columns 4 and 5). The structural parameters R0

CO, R0
CH, R0

CH − R0
CD and θH′CO bond angle of the

R0 configuration of the conical intersection obtained previously are given in the bottom part of the table.

Fit Calculations

Parametera value 1σ Höper et al.b Marench et al.c MP2d B3LYPd CCSDd,e CASSCFd

δθMe–CO, (deg) 4.2 (2) 4.05 4.37 4.28 4.61 4.17 . . .
δϕH–Me–H∗ , (deg) 2.9 (3) 1.7 4.1 3.3 5.2 3.9 . . .
δrCH, (mÅ) 25 (3) 2.8 5.7 3.2 4.3 3.4 . . .
R0

CO, (Å) 1.36039 (8) 1.3934 1.3744 1.3837 1.3712 1.3818 1.3949
R0

CH, (Å) 1.10697 (9) 1.0892 1.0939 1.0904 1.0990 1.0972 1.0898
R0

CH − R0
CD, (mÅ) 3.67 (6) . . . . . . . . . . . . . . . . . .

θH′CO, (deg) 111.65 (5) 109.98 110.27 109.98 110.53 110.42 109.89

aThe molecular distortion amplitudes δθMe−CO, δϕH−Me−H∗ and δrCH, are related to the distortion parameters at the Jahn-Teller minimum (labeled “min”) and saddle point (“sp”)
as follows: δθMe−CO = 1

2 (θ sp
H′CO

− θmin
H′CO

), δrCH = 1
2 (rmin

CH′ − r
sp
CH′ ), δϕH−Me−H∗ = 1√

3
(ϕsp

H′COH
− ϕmin

H′COH
), where H′ is the hydrogen in xz-plane. The results of ab initio calculations

report the deformation of the H′COH angle, which is equal to thedifference between the angles of rotation of the planes containing C3 axis and H′ and H atoms, respectively.This
results in the factor of 1/

√
3 in the expression for δϕJT

H−Me−H∗ in terms of the ϕH′COH dihedral angles angles at saddle point and Jahn-Teller minimum.
bReference 61.
cReference 62.
dThe values of the structural parameters at the reference configuration are calculated in Ref. 58 using 6-311+G(2d,2p) basis set, except as noted.
eCalculated using cc-pVTZ basis set.

In CH2DO and CHD2O, the effective values of Bzz and
Bxz also receive a substantial second-order contribution due
to the interaction with excited vibronic states. Unlike the
symmetric case, however, neither of the two approximations
that allow one to use Eqs. (39) and (40) hold anymore. Al-
though for these reasons it is not feasible to estimate B(2v)

xz

and B(2v)
zz accuracy sufficient for the quantitative structural

analysis, the experimental values can be compared to the
predictions of Br

αβ made by using the bond lengths and an-
gles (see Table VI), and the appropriate nuclear masses. The
resulting values are given in the “X1” column of Table II.
Although the second order contribution to Bxx and Byy are ex-
pected to be negligible (see Table V of Ref. 20), the compar-
ison between the experimental and predicted values for these
parameters shows discrepancies beyond the experimental er-
rors. These discrepancies can be attributed to the effects of
the higher order vibronic interactions or to Hamiltonian terms
connecting the ground and excited vibronic states that have
so far been neglected. Indeed, the ERH used in this analysis
has been derived by reducing the rotational Hamiltonian using
the transformation Eq. (20). This transformation only diago-
nalizes (and correctly accounts for the effects of) the linear
Jahn-Teller, but not the other vibronic interactions which may
result in contributions to the effective values of the rotational
constants.

For the purpose of crude estimates of B(2v)
xz and B(2v)

zz in
CH2DO and CHD2O, we will use the parameter ßI , Eq. (40)
and approximate its value as the average of that in normal
and perdeuterated species, ßI = 1.16. Using Eqs. (37) and (39)
we obtain the estimates of B(2v)

zz and B(2v)
xz which are given in

Table II in the column labeled “X2.” The estimated values of
the X1 + X2 for the corresponding rotational constants show
reasonable agreement with the experimental results for the
level of approximation used.

4. Rotational Jahn-Teller parameters h1, h2, h′
1, h′

2, hA,
and hB

As Table II indicates, even the values of smaller of h1, h2,
h′

1, h′
2, hA, and hB parameters (or, for short, h-parameters)

are experimentally determined to relatively good precision,
for the most part to better than 10%. These parameters ac-
count for the rotational effects due to the dynamic Jahn-Teller
distortion; hence the analysis of their values can potentially
provide valuable information on the geometric distortion of
the molecule. As Eqs. (35) and (36) of Sec. III A 3 show the
effective rotational Hamiltonian, H̃ROT has six h parameters.
Each of the six parameters are defined, Eq. (36), in terms of
linear combinations of derivatives of the elements of the rota-
tional tensor, Bs

αβ and Bt
αβ , with respect to the mass weighted

normal coordinates qs and qt which transform respectively as
A′ and A′′ in the C2v symmetry of the asymmetrically deuter-
ated molecule.

In the absence of a Jahn-Teller distortion all the h’s van-
ish. This can be seen directly from Eq. (36). For a linear Jahn-
Teller effect the potential energy of the diabatic states can be
expressed (see Eq. (10)) as a sum over 1/2ωm(q2

m ± kmqm)
for each normal mode qm. Hence the coordinate qm at the dis-
torted minimum is displaced from the conical intersection by
an amount �qm = km. By Eq. (36) if all the �qm = 0, then
all the corresponding h paramters vanish.

For the asymmetrically substituted methoxy there are in
principle 9 distortion parameters, �qm, one for each normal
mode. However, the minimum number of parameters needed
to describe the geometrics distortion is much smaller. In the
symmetric molecule, the Jahn-Teller effect is restricted by
symmetry to the 3 degenerate e modes, each of which is
characterized by a single distortion parameter, qt . Since the
distorted geometry is assumed not to change among the
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isotopologues, then 3 distortion parameters should suffice to
describe this geometry.

Two conditions must be met to actually determine distor-
tions from the experimental data. First Eq. (36) must be recast
in terms of non-mass weighted symmetrized combinations of
either Cartesian or internal coordinates, si . Such a linear trans-
formation is straightforward,

qj =
∑

i

(
∂qj

∂si

)
si . (81)

Substituting Eq. (81) into Eq. (36), we obtain for Bt
αβ ,

Bt
αβ = −

∑
t

kt

(
∂Bαβ

∂qt

)
= −

∑
t

∑
i

(
∂Bαβ

∂qt

)(
∂qt

∂si

)
�sJT

i

= −
∑

i

(
∂Bαβ

∂si

)
�sJT

i , (82)

where �sJT
i is the the distortion along the internal coordi-

nate from the conical intersection to the Jahn-Teller mini-
mum, and i runs over all modes of the appropriate symme-
try. The expression for Bs

αβ is similar. Since the si are not
mass-weighted, �sJT

i is isotope-independent, and therefore
their values are unchanged among isotopologues. The second
requirement is that the derivatives, (∂Bαβ/∂si), are obtained
from a straightforward classical mechanics calculation. Nu-
merical derivatives of the Bαβ for each isotopologue are de-
termined by calculating the Bαβ for finite displacements of
the si from the reference configuration. It is then straightfor-
ward to combine this information with Eq. (35) to express the
observed h values as a function of the distorted equilibrium
configuration of the sJT

i or more directly their displacements
�si from the reference configuration values.

The symmetrized internal coordinates that transform
as the two components of the e modes are expressed
as linear combinations of the geometric parameters,
θMe−CO, ϕH−Me−H ∗ , and rCH . As shown in Fig. 10, θMe−CO

is the tilt angle between the methyl axis and C–O bond,
ϕH−Me−H ∗ is the “swing” amplitude of the HCO plane with
respect to its position in undistorted configuration and rCH is

z

x

*H Me Hϕ − −

Me COδθ −

CHr

y

x

φ

JT
Me COδθ −

JT
CHrδ

*
JT
H Me Hδϕ − −

FIG. 10. The left panel shows the geometric parameters of the symmetrized
internal modes of methoxy. The right panel shows the trajectories of the nu-
clei undergoing a Jahn-Teller active vibration, in this case the methyl rock
mode. The depicted motion of the oxygen atom shows its trajectory in the
two-dimentional space formed by the methyl rock in xz and yz plan. The
phase of the motion is governed by a pseudorotational angle φ. The trajec-
tories of the hydrogen atoms represent two-dimensional cuts through four-
dimensional space formed by doubly degenerate asymmetric stretch and
“scissor” vibrational modes. The R0 positions of the hydrogens are marked
with light-colored circles, the positions of the hydrogens in the distorted con-
figuration are marked with dark-colored circles.

the CH stretch. We define a set of displacements of the cor-
responding internal coordinates δθJT

Me−CO , δϕJT
H−Me−H ∗ , and

δrJT
CH , as the radius of the circle (averaged for quadratic Jahn-

Teller) of pseudo-rotation of each of the corresponding coor-
dinates about its reference configuration value or equivalently
half the differences in their value at the Jahn-Teller distorted
global minima and the corresponding saddle-points around
the moat.

One can now determine the best value for δθJT
Me−CO ,

δϕJT
H−Me−H ∗ , and δrJT

CH by doing a least squares fit to the 18
observed h values for the 5 isotopologues. When all 18 h pa-
rameters are included, the quality of the fit was rather poor
particularly with respect to the hA values. However it was
recognized25 that the centrifugal distortion term for �E has
precisely the same matrix elements in the H̃R as does hA,
thus making it an effective parameter. Indeed rough estimates
of the �E CD parameter indicates it would be comparable
in magnitude to hA rendering the observed hA not a reliable
structural parameter.

Our approach then was to eliminate the hA values from
the still over-determined data set and fit the distortions, �sJT

i .
The values resulting from that fit are given in Table VI. Since
ab initio calculations have indicated that bilinear terms in
the potential may be important, we also did fits where 3
displacements along internal coordinates transforming totally
symmetrically were introduced in addition to the previous
Jahn-Teller active, e displacements. When these 6 parame-
ters were fit to the remaining 16 h value, none of the three
symmetrical displacements were found significant within ex-
perimental error and the resulting Jahn-Teller displacements
were essentially unchanged compared to experimental error.
Ergo, based on the simple analytical model of the potential
adopted we believe the values in Table VI represent the best
geometric distortion values obtainable from the experimental
data.

It is interesting to compare the “experimental goemetry”
(both at reference and distorted configurations) with quantum
chemistry calculations.61, 62 As shown in Table VI, one can
see the computed and experimental values are qualitatively
consistent, but there is considerable discrepancy between the
experimental and theoretical values, as well as considerable
discrepancy among the latter.

In making these comparisons it is important to note the
possible shortcomings in each the experimental and com-
putational result. The experimental result clearly assumes
an over-simplified analytical model for the diabatic surfaces
and vibronic coupling. It also could suffer from small, non-
structural dependent contributions, like to hA, to the remain-
ing 16 h parameters. In particular this could explain the large
difference in the experimental and computed δrJT

CH , since it is
expected to be very small, and even small contamination of
the experimental value by non-structural contributions to the
h’s could dramatically affect the derived value. On the the-
oretical side, it must be recognized that these are relatively
small distortions which are challenging to capture accurately
even with high-level calculations. On a more fundamental
level, it must be remembered that the adiabatic potential and
resulting theoretical distortion arises from a calculation that
has neglected the coupling between the two nearby sheets of
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the adiabatic potential. It is unclear what errors this neglect
may introduce.

5. Spin-rotational coupling constant εzz

The majority of the spin-rotation parameters included
in the ERH are defined by the second-order electronic
contributions,20, 27 X(2e), and are dynamically restricted in the
fit. The exceptions to this rule are εzz and εxz which were
shown earlier to be essentially defined by the second order
vibronic contribution, X(2v). The εzz and εxz are related by
Eq. (55) and hence only a single independent parameter, e.g.,
εzz, need to introduced in the fit with the value of εxz being
constrained to it via Eq. (55).

Similar to the case of the vibronic contributions to the
rotational constants, e.g., B(2)

zz , one can do a crude estimate of
the value of εzz using the isotopic relationships and the value
of ßI , extrapolated to the partially deuterated species,

εI
zz = εH

aaßI
BI

zz

BH
zz

, (83)

where BH
zz is the corresponding rotational constant of the

protonated isotopologue. The predicted values of the εzz for
CH2DO and CHD2O are given in Table II.

Comparison of Eq. (83) and Eq. (39) shows that the X(2v)

contributions to both Bzz and εzz exhibit the same dependence
on ßI , and therefore, the corresponding experimental values
should exhibit similar trends. In CH2DO, the estimated value
of B(2v)

zz gives a reasonably good agreement with the exper-
iment; however, the magnitude of ε(2v)

zz is overestimated by
about 6%. On the other hand, in CHD2O the estimated value
of ε(2v)

zz predicts the experimental value rather well, but B(2v)
zz

is significantly underestimated. In part, these inconsistencies
arise from the use of the same value of ßI for both asymmet-
rically substituted species, since it is reasonable to suggest
that its value should be greater for CHD2O, as it tends to in-
crease in heavier species. However, as in case of CD3O, it
is not possible to predict B(2v)

zz and εzz simultaneously to the
desired accuracy using ßI as a vibrational scaling factor in
Eqs. (39) and (83) for any given isotopologue. The compari-
son of B(2v)

zz and εzz with the experimental values in all deuter-
ated molecules shows that although ßI can be used for predict-
ing trends and rough numerical estimates, the accuracy of this
simplified model21 is limited to about 10%.

B. Excited Ã2A1 electronic state

The Ã state parameters resulting from fitting of the
LIF spectra are given in Table III for the 32

0 band and in
Table IV for the 6a1

0 band of both isotopologues. For the 32
0

band, the structural parameters are available from the studies
of the symmetric species,21 therefore we predicted the val-
ues of the three rotational constants using previously derived
bond lengths and angles. These values are given in the third
column of the data subset of each of the two isotopologues in
Table III. We note that although the agreement between the
experimental and predicted values is somewhat poorer than
for the ground state, the trends in the values of the rotational
constants in 32

0 are predicted reasonably well. The observed

rotational constants are functions of the expectation values
of the structural parameters in the particular state, therefore
moderate to small deviations of the experimentally observed
values from the predicted ones, as well as a monotonic trend
in the measured energies of the 32

0 level indicate that the char-
acter of the molecular motion in the 32

0 state is approximately
the same in all four isotopologues for which this state has been
measured.

The experimentally measured frequencies assigned26 to
the 6a1

0 bands are somewhat surprising in that the energy
of this level in CH2DO is actually lower than that in CHD2O.
This observation can be qualitatively explained as follows.
The ν6a mode in CH2DO and CHD2O correlates with the
symmetric component of the doubly degenerate methyl rock
ν6 mode in the species with C3v symmetry, corresponding to
the motion in xz-plane. If the rocking character is preserved,
then the reduced mass associated with this motion in CH2DO
is expected to be smaller, and therefore, the frequency greater.
On the other hand, if the character of this motion is dom-
inated by the H′CO bend, where H′ is the in-plane hydro-
gen, which is substituted with deuterium in CH2DO, the trend
would be reversed. The latter scenario is observed experi-
mentally which indicates that a substantial change in charac-
ter of the methyl rock vibrational motion with a reduction of
symmetry.

VI. CONCLUSIONS

High resolution spectra of a Jahn-Teller active molecule
carry information on the details of the molecular potential en-
ergy surface and the vibronic interactions between the compo-
nents of the degenerate electronic states. Due to its relatively
simple molecular structure experimental measurements of the
rotationally resolved spectra of the methoxy radical offer an
opportunity to study these effects at a very high level of detail.

On the flipside, to describe the rotational spectra of
these species to experimental accuracy requires development
of a complex effective rotational Hamiltonian which makes
the analysis challenging even in the case of the symmetric
species.10, 20, 21 The reduction of nuclear symmetry compli-
cates the situation even further by allowing additional terms
to the vibronic Hamiltonian, and consequently, in the ERH.

In this work we have further extended the development
of the ERH to allow us to consistently analyze high resolu-
tion spectra of both asymmetrically substituted methoxy rad-
icals, CH2DO and CHD2O, to experimental accuracy, in the
context of the knowledge obtained in the preceding studies of
symmetric species. Despite the increased complexity of the
ERH, we have shown that the application of various isotopic
relationships allow us to simplify the numerical analysis and
clarify the physical interpretation of the results even though
the available data set for asymmetrically deuterated species is
somewhat limited.

In terms of magnitude the largest of the parameters exper-
imentally determined are the spin-orbit coupling, aζedH , and
the splitting, �E, of the zero-point vibronic degeneracy in the
asymmetrically deuterated methoxies. We have demonstrated
that quenching, dH , of the spin-orbit coupling is a smooth and
slowly varying function of the number of deuterons from 0
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to 3. For the first time a value of �E is derived from the ob-
served vibronic splitting and is compared with its calculation
via adiabatic eigenfunctions. The experimental value is found
to be comparable to that obtained from the “best” calcula-
tions, but to be systematically somewhat larger.

Values for the rotational constants characteristic of the
C3v conical intersection configuration for the asymmetrically
substituted methoxy are seen to be slightly different from
those predicted from the geometric parameters obtained for
the symmetric species. This is attributed to very small, non-
geometric contributions to the effective rotational constants
unique to the asymmetric species.

The Jahn-Teller induced geometric distortion of methoxy
results in structurally dependent additions to the ERH charac-
terized by several h parameters. Analysis of these parameters
yields an experimental measurement of this geometric distor-
tion. When these experimental results are compared to cal-
culated distortions, semi-quantitative, but certainly not exact
agreement is found. It is unclear whether the remaining dis-
crepancies is a result of short-comings in the relatively simple
analytical potential used to analyze the experimental data or
the calculated adiabatic wavefunctions (or both).

It has been found that nearly all the observed spin-
rotation structure of the asymmetrically deuterated methoxy
can be explained by spin-rotation tensor components derived
from the symmetrical species using isotopic relations. The
one exception is the experimentally determined εzz which is
highly dependent upon vibronic interactions.

It is clear that the data set that is now available for 5 dif-
ferent isotopologues of methoxy represents a unique source
for the study of a number of important molecular interactions
such as spin-orbit coupling, vibronic degeneracy lifting, and
Jahn-Teller geometric distortion. This data should serve to
benchmark our understanding of these interactions for many
years.
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APPENDIX A: QUENCHING PARAMETER FOR HSO

This Appendix derives the quenching parameters for
spin-orbit coupling, dH , in the multimode case. We first ex-
pand the expression for the microscopic Hamiltonian Eq. (19)
using the expression,36, 63

H̃ = eiSHe−iS = H + i[S,H ] + 1

2
[S, [H,S]] + . . .

(A1)
HSO contains no vibrational coordinates, and HA contains
only squares of vibrational coordinates q and momenta p, and

S only contains p in first power. Both q and p act as raising
and lowering operators, therefore it is evident that the second
term in the right hand side of Eq. (A1) contains only odd pow-
ers of q and has no nonvanishing matrix elements within the
ground vibronic twofold, and will be ignored. To evaluate the
last term in Eq. (A1), we note that S has form of

S =
(

0 â − ib̂

â + ib̂ 0

)
, (A2)

where

â =
∑

s

ksps,

b̂ =
∑

t

ktpt ,
(A3)

and index s runs over A′ vibrational modes and t runs over A′′

vibrational modes. Substituting the matrix expression for the
spin-orbit Hamiltonian HSO in the |e±〉 basis,

HSO = aζe�

(
1 0

0 −1

)
(A4)

and the expression for S in Eq. (A1), we obtain

H̃ SO = HSO + 1

2
[S, [HSO,S]] = aζe�

(
1 0

0 −1

)

+1

2
aζe�

(
−4(â2 + b̂2) 0

0 4(â2 + b̂2)

)
. (A5)

All operators â and b̂ commute with each other; therefore the
off-diagonal elements in Eq. (A5) vanish. The operators â2

and b̂2 are the sums of terms quadratic and bilinear in p, of
which only quadratic terms produce nonvanishing matrix ele-
ments within the ground vibronic twofold, e.g.,

〈v = 0|
∑

s

ksps ·
∑
s ′

ks ′ps ′ |v = 0〉=〈v = 0|
∑

s

k2
s p

2
s |v = 0〉

= 1

2

∑
s

k2
s . (A6)

Substituting the expression Eq. (A6) for â2 and b̂2 into
Eq. (A5), we obtain

H̃ SO = aζe�

(
1 0

0 −1

)

+ aζe�

⎛
⎜⎝

−
∑

s

k2
s −

∑
t

k2
t 0

0
∑

s

k2
s +

∑
t

k2
t

⎞
⎟⎠

= aζe�dH

(
1 0
0 −1

)
, (A7)
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where dH = 1 − ∑
s k2

s − ∑
t k

2
t . In a symmetric molecule,

ks = 0 for the totally symmetric (A1) modes. Using
Watson’s convention to relabel the components of the doubly
degenerate modes, s = ma, t = mb, and kma = kmb = km, we
obtain

dH = d1/2,0 =
(

1 − 2
∑
m

k2
m

)
=

(
1 − 4

∑
m

Dm

)
,

(A8)
where in last equality km is recast in terms of linear Jahn-
Teller parameter, 2Dm = k2

m and reduced to a previously ob-
tained result.64

APPENDIX B: OPERATOR FORM AND MATRIX
ELEMENTS FOR TERMS IN THE ERH INTRODUCED
BY ASYMMETRY

1. Rotational terms h′
1, h′

2, hA, and hB

The rotational part of ERH of the asymmetrically substi-
tuted methoxy radicals is given in Eq. (33). The new terms
accounting for the asymmetry-induced effects of Jahn-Teller
distortion are given in the last two lines of this equation and
are summarized as H̃A

ROT:

H̃A
ROT = h′

1(L2
−N2

− + L2
+N2

+) + h′
2(L2

−[Nz,N+]+ + L2
+[Nz,N−]+

) + hAN2
z (L2

+ + L2
−)

+hB[N+, N−]+(L2
+ + L2

−). (B1)

The matrix elements of HA
ROT are given as follows:〈
J,−(P + 2), S,�′ = 1

2
,±

∣∣∣∣h′
1(L2

−N2
− + L2

+N2
+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�h′
1

√
J (J + 1) − P (P + 1)

√
J (J + 1) − (P + 1)(P + 2), (B2)

〈
J,−(P + 1), S,�′ = 1

2
,±

∣∣∣∣h′
1(L2

−N2
− + L2

+N2
+)

∣∣∣∣J, P, S,� = 1

2
,±

〉

= ∓(−1)J−P+S−�2h′
1

√
J (J + 1) − P (P + 1), (B3)

〈
J,−(P − 1), S,�′ = 1

2
,±

∣∣∣∣h′
2(L2

−[Nz,N+]+ + L2
+[Nz,N−]+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ∓(−1)J−P+S−�2h′
2P

√
J (J + 1) − P (P − 1), (B4)

〈
J,−P, S,�′ = −1

2
,±

∣∣∣∣h′
2(L2

−[Nz,N+]+ + L2
+[Nz,N−]+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�2h′
2P, (B5)

〈
J,−P, S,�′ = 1

2
,±

∣∣∣∣hAN2
z (L2

+ + L2
−)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�hA(P − �)2, (B6)

〈
J,−P, S,�′ = 1

2
,±

∣∣∣∣hB[N+, N−]+(L2
+ + L2

−)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�hB

(
2J (J + 1) − 2P 2 + 1

)
, (B7)

〈
J,−(P − 1), S,�′ = 1

2
,±

∣∣∣∣hB[N+, N−]+(L2
+ + L2

−)

∣∣∣∣J, P, S,� = 1

2
,±

〉

= ∓(−1)J−P+S−�2hB

√
J (J + 1) − P (P − 1), (B8)

〈
J,−(P + 1), S,�′ = −1

2
,±

∣∣∣∣hB[N+, N−]+(L2
+ + L2

−)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ∓(−1)J−P+S−�2hB

√
J (J + 1) − P (P + 1). (B9)
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2. Spin-rotational terms ε′
1a, ε′

1b, ε′
2a, ε′

2b, and ε′′

The spin-rotational terms in the ERH of the asymmet-
rically substituted methoxy radicals arising from the effects
of Jahn-Teller distortion are given in Eq. (48). The last five
terms in the latter equation account for the asymmetry effects
and can be summarized as H̃A

SR:

H̃A
SR =ε′

1a(L2
++L2

−)NzSz + ε′
2a(L2

+[S−Nz]++L2
−[S+Nz]+)

+ ε′
1b(L2

+[S−N+]+ + L2
−[S+N−]+)

+ ε′
2b(L2

+[SzN−] + L2
−[SzN+]+)

+ ε′′(L2
+[S+(N+ + N−)]+ + L2

−[S−(N+ + N−)]+).

(B10)

Therefore, the matrix elements of H̃A
SR are given in the fol-

lowing equations:

〈
J,−P, S,�′ = 1

2
,±

∣∣∣∣ε′
1a(L2

+ + L2
−)NzSz

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�ε′
1a�P, (B11)

〈
J,−P, S,�′ = −1

2
,±

∣∣∣∣ε′
2a(L2

+[S−Nz]+ + L2
−[S+Nz]+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ∓(−1)J−P+S−�2ε′
2aP, (B12)

〈
J,−(P + 1), S,�′ = −1

2
,±

∣∣∣∣ε′
1b(L2

+[S−N+]+ + L2
−[S+N−]+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�2ε′
1b

√
J (J + 1) − P (P + 1), (B13)

〈
J,−(P − 1), S,�′ = 1

2
,±

∣∣∣∣ε′
2b(L2

+[SzN−] + L2
−[SzN+]+)

∣∣∣∣J, P, S,� = −1

2
,±

〉

= ±(−1)J−P+S−�ε′
2b

√
J (J + 1) − P (P − 1), (B14)

〈
J,−(P + 1), S,�′ = 1

2
,±

∣∣∣∣ε′′(L2
+[S+(N+ + N−)]+ + L2

−[S−(N+ + N−)]+)

∣∣∣∣J, P, S,� = 1

2
,±

〉

= ±(−1)J−P+S−�2ε′′√J (J + 1) − P (P + 1),〈
J,−(P − 1), S,�′ = 1

2
,±

∣∣∣∣ε′′(L2
+[S+(N+ + N−)]+ + L2

−[S−(N+ + N−)]+)

∣∣∣∣J, P, S,� = 1

2
,±

〉

= ±(−1)J−P+S−�2ε′′√J (J + 1) − P (P − 1). (B15)
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