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Abstract

In robotic navigation, path planning is aimed at getting the optimum collision-free path between a starting and target locations. The
optimality criterion depends on the surrounding environment and the running conditions. In this paper, we propose a general, robust,
and fast path planning framework for robotic navigation using level set methods. A level set speed function is proposed such that the
minimum cost path between the starting and target locations in the environment, is the optimum planned path. The speed function is
controlled by one parameter, which takes one of three possible values to generate either the safest, the shortest, or the hybrid planned
path. The hybrid path is much safer than the shortest path, but less shorter than the safest one. The main idea of the proposed technique
is to propagate a monotonic wave front with a particular speed function from a starting location until the target is reached and then
extracts the optimum planned path between them by solving an ordinary differential equation (ODE) using an efficient numerical scheme.
The framework supports both local and global planning for both 2D and 3D environments. The robustness of the proposed framework is
demonstrated by correctly extracting planned paths of complex maps.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Path planning is a cornerstone in many fields of research
such as robotic navigation, computer graphics, surgical
simulation, and CAD applications. In robotic navigation,
path planning is aimed at getting the optimum collision-
free path between a starting and target locations [1,2].
The planned path is usually decomposed into line segments
between ordered sub-goals or way points. In the navigation
phase, the robot follows those line segments towards the
target. The navigation environment is usually represented
in a data structure called the ‘‘configuration space’’ [1].
Depending on the surrounding environment and running
conditions, the optimality criterion for the path is deter-
mined. For example, in most of indoor navigation environ-
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ments, the optimum path is the safest one, i.e. being as far
as possible from the surrounding obstacles, whereas for
outdoor navigation, the shortest path is more recom-
mended. Several methods have been proposed for comput-
ing both the safest and the shortest paths, which can be
classified as either local or global [3].

Global path planning takes into account all the informa-
tion in the environment when finding the optimum path
between the starting and target locations. Several methods
have been proposed for global planning such as Voronoi
planning [4–7], cell decomposition [8], and randomized
planning [9–14]. The global approach is very time consum-
ing in the pre-computation step, which can be accelerated
either by (a) an auxiliary hardware [5], which means extra
financial expenses, (b) by taking random samples from a
probabilistic roadmap (PRM) in the robot’s configuration
space [15–17], or (c) by using a randomized data structure
such as the rapidly exploring random tree (RRT) [12–14].
Although the latter methods are fast, the key concern is
how to generate sufficient samples of the environment to
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capture the topology and connectivity of the configuration
space.

Local planning algorithms are designed to avoid obsta-
cles within a close vicinity of the robot. Therefore, only
information about the nearby obstacles is used. The poten-
tial field-based methods such as [18–21] are the most
known guidance methods, in which the configuration space
is divided into a fine regular grid and then the optimum col-
lision-free path is searched for. Different potentials are
assigned to the cells of the grid. The attractive potentials
are given to the cells that are close to the robot’s goal, while
the repulsive potentials are assigned to the obstacles. The
planned path is constructed along the most promising
direction. Although the methods are fast, they can be
trapped in local minima of the potential function. To avoid
local minima and at the same time to get the best optimal
path, an automatic planning approach has been presented
in [22]. This approach depends on finding coarse clear
paths and then refines them using an optimal control
technique.

In this paper, we extend our recent work [23] and pres-
ent a general, robust, and fast robotic path planning frame-
work using level set methods. The framework can be
applied to both planar and terrain environments, in a
whole configuration space or a portion of it. The proposed
framework propagates a monotonic wave front of a partic-
ular speed function from the starting location until the tar-
get is reached and then extracts the optimum planned path
between them by solving an ODE using an efficient
numerical scheme. The motion of the front is governed
by a non-linear partial differential equation (PDE), which
is computationally and efficiently solved using the fast
marching method. The proposed speed function is
controlled by one parameter to generate either the safest,
the shortest, or the hybrid planned path.
2. Monotonically advancing fronts

Consider a closed interface oC (that is, boundary) that
separates one region from another. Assume that oC moves
in its normal direction with a known speed F(x) that is
either increasing or decreasing. The motion of the front is
given by

jrT ðxÞjF ðxÞ ¼ 1 ð1Þ

T ðoCÞ ¼ 0 ð2Þ

where, T(x) is the arrival time of oC as it crosses each point
x. If the speed depends only on the position x, then the
equation reduces to a non-linear first order PDE, known
in geometrical optics as the Eikonal equation. The fast
marching method (FMM) [24] solves that equation in one
pass algorithm as follows. The numerical approximation
of |$T| that selects the physically correct vanishing viscosity
weak solution is given by Godunov [25],
maxðD�x
ij T ;�Dþx

ij T ; 0Þ2 þmaxðD�y
ij T ;�Dþy

ij T ; 0Þ2 ¼ 1

F 2
ij

ð3Þ

where D�ij and Dþij are the standard backward and forward
finite difference schemes, respectively, at location (i, j). If
$T is approximated by first order finite difference scheme,
Eq. (3) can be rewritten as,

X2

v¼1

max
T � T v

Dv
; 0

� �2

¼ 1

F 2
ð4Þ

where D1 = Dx, D2 = Dy, T = Ti,j, F = Fij, and

T 1 ¼ minðT i�1;j; T iþ1;jÞ ð5Þ
T 2 ¼ minðT i;j�1; T i;jþ1Þ

The solution of Eq. (4) is given by,

• T > max(T1,T2): T is the maximum solution of the fol-
lowing quadratic equation:

X2

v¼1

T � T v

Dv

� �2

¼ 1

F 2
ð6Þ

• T 2 > T > T 1 : T ¼ T 1 þ D1

F
• T 1 > T > T 2 : T ¼ T 2 þ D2

F

The idea behind the FMM is to introduce an order in
the selection of the grid points during computing their solu-
tions (arrival times), in a way similar to the Dijkstra short-
est path algorithm [26]. This order is based on the causality
relationship, which states that the arrival time T at any
point depends only on the adjacent neighbors that have
smaller values. During the evolution of the front, each grid
point x is assigned one of three possible tags.

(1) known: the computed travel time at x will not be
changed later.

(2) narrow-band: the computed travel time at x may be
changed later.

(3) far: the travel time at x is not yet computed.

The FMM algorithm can be summarized as follows: ini-
tially, all boundary points are tagged as known. Then, their
nearest neighbors are tagged as narrow-band after comput-
ing their arrival time by solving Eq. (4).

(1) LOOP: among all narrow-band points, extract the
point with minimum arrival time and change its tag
to known.

(2) Find its nearest neighbors that are either far or nar-
row-band.

(3) Update their arrival times by solving Eq. (4).
(4) Go back to LOOP.

As a result of the update procedure (step 3), either a far

point is tagged as a narrow-band or a narrow-band point
gets assigned a new arrival time that is less than its previous
value.
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3. Methods

Consider the minimum cost path problem that finds the
path CðsÞ : ½0;1Þ ! Rn that minimizes the cumulative tra-
vel cost from a starting point S to some destination E in Rn.
If the cost U is only a function of the location x in the given
domain, then the cost function is called isotropic, and the
minimum cumulative cost at x is defined as

T ðxÞ ¼ min
CSx

Z L

0

UðCðsÞÞds ð7Þ

where CSx is the set of the all paths linking S to x. The path
length is L and the starting and ending locations are
C(0) = S and C(L) = x, respectively. The path that gives
minimum integral is the minimum cost path. In geometrical
optics, it has been proven that the solution of Eq. (7) satis-
fies the Eikonal equation.

In this paper, we propose a new level set speed function
Eq. (8) that is controlled by the parameter a such that the
minimum cost path between two points in the configura-
tion space (i.e., map) is either the safest, the shortest, or
the hybrid path.

F ðxÞ ¼ expðakðxÞÞ; a P 0 ð8Þ

The medialness k(x) is a function that assigns each safe
path point x a higher weight than its non-medial neighbor
points y; k(x) > k(y). In this paper, we propose the follow-
ing medialness:

kðxÞ ¼ DðxÞ þ x
1:0

1:0þ jrDðxÞj þ jminð0; divðrDðxÞÞÞj
� �

ð9Þ

where D(x) is the Euclidean distance field, x is a weighting
coefficient less than one, a controls the path optimality, $ is
the gradient operator, and div is the divergence operator.
In this section we will derive the value of a that makes
the planned path between S and E the safest path, while
in the next section, we will see how a can be modified to
generate the other types of planned paths.

Consider the map of Fig. 1, where we need to find the
safest path C between the starting location S and ending
location E. Assume that S is a point source that transmits
Fig. 1. The front must be faster at safe path points.
a wave front, whose speed is given by Eq. (8). Our goal is to
distinguish the safe path points by making them the locus
of the front points of maximum positive curvatures.
Assume that O belongs to C and let bi be the 8-connected
non-medial neighbors of O; k(O) > k(bi). Assume that the
front reaches O, E, and bi at the times t0, t0 + DtE, and
t0 þ Dtbi , respectively. In order to make E the front point
of maximum positive curvature, then the wave must reach
E before reaching bi even if d(O,E) > d(O,bi), where d(., .) is
the Euclidean distance between two points. Therefore

tE < tbi ð10Þ
dðO;EÞ

F ðEÞ <
dðO; biÞ

F ðbiÞ
ð11Þ

In the worst case when C makes the largest slope; 45�, the
wave front will travel the longest distance to reach E than
reaching bi; dðO;EÞ ¼

ffiffiffi
2
p

and d(O,bi) = 1. Therefore,ffiffiffi
2
p

expðakðEÞÞ <
1

expðakðbiÞÞ
ð12Þ

Let k(E) = h and k(bi) = h � di, where di is the difference in
medialness of two neighboring locations. Then, the value
of a that guarantees the safest path is given by,

a >
lnð

ffiffiffi
2
p
Þ

di
ð13Þ

The parameter di can be computed in the worst case as

di ¼ min
y
fkðxÞ � kðyÞ j y 2 gx; kðxÞ > kðyÞg ð14Þ

where gx is the 8-connected neighbors of x.

4. Single optimum path extraction (SOPE)

4.1. Safest path extraction

For isotropic propagation using the FMM, where the
cost is only a function of the position, the fastest traveling
is always along the direction perpendicular to the wave
Fig. 2. The gradient of the distance map.
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front [27]. Since the propagating fronts are level sets, then
the direction of the gradient at each point is normal to the
front. Recall that the front is faster at the safest path
points, then C can be found by backtracking along the gra-
dient of T(x), which is the solution of the following ODE:

dCðsÞ
ds
¼ � rT
jrT j given Cð0Þ ¼ E ð15Þ

where C(s) traces out the path. Let S and E be the starting
and ending points of C, then backtracking continues from
C(0) = E until S is found. The ODE has been solved using
the second order Runge–Kutta method, where the total
cumulative error is on the order of O(h3), where h is the
integration step, which is set to 0.5. The point S is guaran-
teed to be found because the field is monotonically increas-
ing from S to E. Note that this technique extracts the
planned path with sub-pixel accuracy even if the grid is
discrete.

Let ac be the right hand side of Eq. (13). Then, for
a > ac, the propagating front is faster at medial points,
and the extracted path is the safest one.

4.2. Shortest path extraction

For a = 0, the propagating front is moving with a unit
speed and hence resulting in an isotropic propagation (cir-
cular iso-contours). Therefore, following the gradient des-
cent will result in the shortest path as explained in [24].
Fig. 3. Medialness functions (a) Euclidean distance. (b) Salient. (
4.3. Hybrid path extraction

For 0 < a < ac, the extracted path is the hybrid one. It is
much safer than the shortest path, but less shorter than the
safest path. Therefore, the hybrid path strikes a balance in
terms of length and safeness, when compared with other
planned paths.

5. Medialness function k(x)

k(x) is a scalar function that distinguishes medial points
from others. It consists of three different medialness terms:
the smoother k1(x), the salient k2(x), and the absolute aver-
age outward flux k3(x).

5.1. Smoother medialness function k1(x)

This medialness assigns each point in the map its mini-
mum distance from the boundary as given by Eq. (16).
Although k1(x) does not provide much distinction between
medial and non-medial points, it provides a smooth transi-
tion among them because the distance is monotonically
increasing from the boundary of the map towards its center
as shown in Fig. 3(a).

k1ðxÞ ¼ DðxÞ ð16Þ
D(x) is computed as follows. The map’s boundary is initial-
ized at zero travel time; T = 0. Then, a unit speed front is
c) Absolute average outward flux. (d) Combined medialness.
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propagated from the boundary towards the center of the
map. The front motion is governed by Eq. (1), whose solu-
tion is the desired distance field.

5.2. Salient medialness function k2(x)

Since for a moving front with a unit speed, the solution
of Eq. (1) is the Euclidean distance field, then |$D(x)| = 1.0
except at local maximum points (e.g., medial points) where
the gradient is theoretically zero. Since D(x) is not differen-
tiable at those points, it is convolved with a Gaussian ker-
nel of a small variance to be differentiable everywhere. This
medialness is called salient because it identifies only strong
medial points with sufficiently small gradient as shown in
Fig. 3(b).

k2ðxÞ ¼
1:0

1:0þ jrDðxÞj ð17Þ
Fig. 5. Local planning for a robot (white square) at different positions.
5.3. Absolute average outward flux medialness function

k3(x)

The gradient of a scalar function points in the direction
where the function is increasing rapidly. Since the safest
path consists of local maximum points, $D(x) is a vector
field that points towards the center of the map. If we
assume that this vector field represents a velocity field, then
from fluid mechanics, the divergence of this field at a point
measures the net outflow of the vectors in an infinitesimal
area centered at the point. The points of the safest paths
are sink points with strong negative divergence because
the inflow is much higher than the outflow. On the other
hand, the boundary points are source points with strong
positive divergence because the outflow is much higher
than the inflow. Finally, for all non-medial points, the
inflow is nearly equal to the outflow and the divergence is
nearly zero. This concept is illustrated in Fig. 2.

Unfortunately the divergence theorem does not apply at
medial points because the vector field $D(x) is discontinu-
Fig. 4. Global planning using the pre-computed skeleton of the map using
[29].
ous. In [28], the divergence theorem has been modified to
handle such limitation and to extract centerlines of 2D
shapes. They defined the divergence at a point as the limit-
ing behavior of the average outward flux through a neigh-
borhood R as it shrinks to a point, normalized by the area
of R. In this paper, we propose the following medialness:

k3ðxÞ ¼ jminð0; divðrDðxÞÞÞj ð18Þ
Although k3(x) identifies both salient and non-salient
medial points, the final skeleton is thick as shown in
Fig. 3(c).
Fig. 6. Medialness function k(x) of the robot’s visible area C at different
positions.

Fig. 7. Shortest path extraction in the robot’s visible area C at different
positions.
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By augmenting both k2(x) and k3(x), we get a strong dis-
tinction between medial and non-medial points, while pre-
serving the non-salient ones. Since the composite
medialness function is very strong, only a small fraction
of it is enough to distinguish medial points from others.
Therefore, x is set to a small value (i.e., 0.1). If we propa-
gate a front from a source point using that medialness, the
resulting fronts will be very sharp at medial points because
Fig. 8. Hybrid path extraction in the robot’s visible area C at different
positions.

Fig. 9. Safest path extraction in the robot’s visible area C at different
positions.

Fig. 10. Local planning (a) shortest, (b) hybrid, (c) safest.
all non-medial points are moving with nearly a constant
low speed, while medial ones are moving with very high
speed. To solve this problem, we augment k1(x) as a
smoothing term to the weighted sum of both k2(x) and
k3(x). In Fig. 3(d), we show that by augmenting the three
medialness functions, we get an enhanced medialness that
highly distinguishes medial points from others, when com-
pared with that of Fig. 3(a). Each ki(x) is normalized from
0.0 to 1.0, and the combined k(x) is also normalized from 0
to 1.0.
6. Global path planning for planar environment

In global planning, the environment is assumed to be
known a priori. Let S and E be the starting and target loca-
tions, respectively. In order to extract the optimum
Fig. 11. Global path planning by the first method for two different maps.
(a and b) Shortest path (a = 0). (c and d) Hybrid path (0 < a < ac). (e and
f) Safest path (a > ac).
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planned path between S and E, we propose two methods.
The first method is general and can be used to extract
any optimum path. On the other hand, the second method
is limited to the extraction of safest paths, but is quite fast
when compared with the first method.

In the first method, we compute the proposed medial-
ness function with respect to the entire map, then we prop-
agate a wave from S until E is reached, and finally, we
extract the planned path as described in Section 4.

The second method is optimal if the robot is perform-
ing a systematic job (for example, returning borrowed
books to their locations in a library) that requires the
extraction of different safest paths in the map. As a con-
sequence, it is better to extract the entire safest paths of
the map (skeleton) and store them for later use. The
method works as follows: initially, we compute the entire
safest paths of the map using our recent work [29]. Then,
we map both S and E to the nearest locations on the
skeleton (i.e., Ś and É). Finally we determine the safest
path that belongs to the skeleton and connects Ś to É.
The mapping is illustrated is Fig. 4, where we propagate
two wave fronts from S and E until they intersect the
skeleton at Ś and É, respectively. Then, we find the line
segments that connect S with Ś and E with É through
the same backtracking mechanism. If a moving obstacle
is detected by the robot sensors, the robot recomputes
the medialness of the entire map, and then extracts a
new optimum path from its current location to the same
target location.
Fig. 12. A map with different safest paths that begin from differe
7. Local path planning for planar environment

In local planning, the robot only knows some informa-
tion about the environment X, normally in its close vicin-
ity. Let the area of the map (i.e., environment) that is
visible to the robot is denoted by C, while its boundary is
denoted by oC. As the robot moves from S to E, its visible
area is updated and its next position C is considered the
new starting point. The proposed method assumes the fol-
lowing. If the target location E is inside C, the next position
C = E. Otherwise, C 2 o C such that,

C ¼ arg min
x

dðx;EÞjx 2 oC; x R oXf g ð19Þ

where oX is the boundary of the environment. The opti-
mum path segment between S and C at time t is computed
as described in Section 4. This concept is illustrated in
Fig. 5(a), where the robot is allowed to move from point
S to E looking for a particular optimum path. The robot
is represented by a white square, while its visible area is
represented by a closed contour. The Figs. 5(b and c) show
the position of the robot in conjunction with C at different
times. In Fig. 6, we show the computed proposed medial-
ness of C at different positions. In Fig. 7–9, we show the
computed shortest, hybrid, and safest segment paths within
C. In Fig. 10, we show the final computed optimum paths
from S and E by concatenating the optimum path segments
at different robot positions. Although the difference be-
tween the shortest and either the hybrid or the safest paths
nt starting locations but ends with the same target location.



Fig. 13. Local planning (a) shortest, (b) safest.
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is apparent, there is no much difference between the safest
and the hybrid paths, because in local planning, C is small
and both the safest and hybrid path segments are com-
puted locally with respect to C.
8. Local path planning for terrain environment

The local path planning technique for planar environ-
ment can be applied as well for terrain environment. The
Fig. 14. The shortest and safest paths of a terrain environment are
superimposed on both the (a) height map and (b) iso-contours.
idea is to replace the proposed medialness function for pla-
nar environment Eq. (9) with

kðxÞ ¼ 1

1þ dðxÞ ð20Þ

where d(x) is the height of each point on the terrain surface.
The proposed approach is used to compute both the short-
est (a = 0) and minimum energy path a > ac between the
starting and target locations assuming that the height
map of the environment is known a priori.
9. Experimental results

We have tested the proposed framework using several
maps of different complexity against local and global path
planning for both planar and terrain environments. In
Fig. 11, we show the shortest, hybrid, and safest paths by
the proposed global planning technique for two different
maps. It is clear that the hybrid path is much safer than
the shortest path but less shorter than the safest path. In
Fig. 12, we show a map with different safest paths that start
from different locations but end with the same target loca-
tion. In Fig. 13, we show the shortest and safest paths that
are computed by the proposed local path planning method.
In Fig. 14, we show the shortest and the minimum energy
(safest) paths between two locations on a terrain surface.
In Fig. 15, we show that the proposed framework can be
extended easily to 3D planning. In Table 1, we compare
the proposed framework with several well known path
Fig. 15. (a) The safest path of a 3D map.



Table 1
Comparison between the proposed method and some well known techniques

Method Local planning Global planning Safest path Shortest path Hybrid path Local min. stuck

Proposed model
p p p p p �

Virtual forces [19]
p p p � � p

Heuristic search A* [8,1] � p � p � �
Voronoi planning [6]

p p p � � �
Optimal control [22]

p p p � � �
Skeletons [7] � p p � � �
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planning techniques, where we can see that our contribu-
tion is more general.

10. Conclusion

In this paper, we have presented a general, robust, and
fast path planning framework for robotic navigation using
level set methods. We have proposed a new level set speed
function such that the minimum cost path between the
starting and target locations in the environment is the opti-
mum planned path. The main idea of the framework is to
propagate a monotonic wave front with a particular speed
function from the starting location until the target is
reached and then extract the optimum planned path
between them. The framework can be applied to both 2D
and 3D environments. It generates a collision-free opti-
mum path for local and global planning. Finally, optimum
planned paths can be controlled by a single parameter in
order to follow the safest, the shortest, or the hybrid path.
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